
تعلُّم  فرص  وتؤمّن  يوميةّ،  حياتيةّ  مواقف  ياضياّت  الرِّ سلسلة  تطرح 

كثيرة. فهي تعزّز المهارات الأساسيةّ، والحسّ العدديّ، وحلّ المسائل، 

الشّفهيّ  التعّبير  مهارتيَِ  وتنميّ  والهندسة،  الجبر،  لدراسة  والجهوزيةّ 

الموادّ  مع  تتكامل  وهي  ياضيَّات.  الرِّ في  التفكير  ومهارات  والكتابيّ 

الدراسيةّ الأخرى فتكون جزءًا من ثقافة شاملة متماسكة تحفزّ الطلاّب 

على اختلاف قدراتهم وتشجّعهم على حبّ المعرفة.

تتكوّن السلسلة من:
كتاب الطالب  

كتاب المعلمّ   

كرّاسة التمارين  

كرّاسة التمارين مع الإجابات  

وزارة التربية
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Roots and Radical Expressions
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Cubic Root  
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Radical Expressions  
• Radix   
• Radicand  
• Conjugate  
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Rational Exponents
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 a  5 74 4#  b  
2
16
3

3

 c  2564  d  ,x y x y Q3 3 3
1 1

!
-

+^ h8 B

:

 

 a  5 7 5 74 4 4# #=  x y x yn n n: :=

 354=  

  5 7 354 4 4# =

 

 5 7 5 74 4 4
1

4
1

# #=  x xn n
1

=

 5 7 4
1

#= ^ h  x y x ym m m: :=^ h

 35 4
1

= ^ h  

 354=  x xn n1
=

 

 b  
2
16

2
16

3

3
3

=  
y

x
y
x

y 0
n

n
n != ^ h

 83=  

 233
=    8 

 2=  x x33
=

  
2
16 23

3

=

 

 
2
16

2
16

3

3

3
1

3
1

=  x xn n
1

=  

 2
16 3

1

= ` j  ,y
x

y
x y 0n

n n
!= ` j

 83
1

=  

 83=  x xn n1
=

 2=  
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 c  256 256 4
14 = ^ h  x xn n

1
=

  256 4
1
2
1

= ^ h8 B  x x
1
n n=

  2564
1
2
1

=
#  x xm n m n

=
:

^ h

  2568
1

=  

  28 8
1

= ^ h    256 

  2=  x xm n m.n=^ h

 

 256 2564 2 4= #  x xmn n m
=

:

  288
=     256 

  2=  x xnn
=  (   n)

    256 24 =

 d  x y x y3 3 3
1 1

3 3 2
1 3
1 1

=

- -

^` ^`ch j h j m  x xn n
1

=

  xy 3 2
1 3
1 1

=

-

^^`
c

h h j
m  a b a bm m m: :=^ h  :

  xy 2
3 3
1 1

=

-

^`c h j m  b bn m n m
=

:
^ h  :

  xy 3 2
1 3 1

= #

# -

^` h j

  xy 2
1 1

=
-

^` h j  

  xy 2
1

=
-

^ h

  
xy
1
2
1=

^ h

  
xy
1

=

  xy
xy

=      

:       6

 a  9 275 5
#  b  

3
243
3

3

 c  7293  d  ,x y4 34 12
:

-
^ h  x, y d Q+

28



 :      

(kg)     k1  k2  :  .g d
k k6 67 10 11
2

1 2:
:

#= -
^ h

.(N)     g  m^ h      d

           
       1.23%     . kg5 98 1024#

.  183 1019#  N 

:

5.98 10 kgk 24
=1 ^ ^h h   ,  1.23% 5.98 10 kgk2

24
= ^ ^ ^h h h

 .g d
k k6 67 10 11
2

1 2:
:

= -
^ ^h h

   .d g
k k6 67 102 11 1 2:
:

= -
^ ^h h

 ( . )
d g

k k6 67 10 1 2
11 : :

=
-^ h

 ( . ) . . .

183 10
6 67 10 5 98 10 0 0123 5 98 10

19

11 24 24

#
=

-
^ ^ ^ ^ ^ ^h h h h h h

 ( ) . ..
d

5 98 0 0123 10
183

6 67 182

=
^ ^ ^h h h

. m126 616 735 4c

.  . m126 616 735 4      

  .  kg2 1030^ ^h h            (7)     7
. N53 2 1023^ ^h h   
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1-3 
Solving Equations

  

a 7 4 3= +  :  1

2 3 2+^ h  :  a  

a     b  

x 7 4 32
= +  :     c  

1         2

y 7 342
= -  :     

. 7 5 2-^ h   a  3

x 12 3522
= -  :   b  

Radical Equations    :

  (   )           
.   

:

x3 10+ =   

( )x 2 12
1

- =   

x3 1+ =    

:      

.       :  

   :  

                  -
.          

.              -

.         :  

.       :  

 
• .   
•.   

:  
•  

Radical Equation  
• 

Exponential Equation  
•     

Quadratic Polynomial 
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:  

.    %  

a   x2 3 2 6+ - =         b   x6 1 3=+ -  :       
:

a  x2 3 62 =+ -   

 x3 2 4=-

x3 2-        
   x3 02 $-    

 xx 3
23 2 & H$

   ,x 3
2
3! j8

 x3 42
2 2

- =^ h    2   

 x3 2 16- =  xx 2
=^ h

 x 6=  

   ,3
2

6 3! + k:     

{6}     

b   x6 31+ - =   

 x 31- = -   
.  3-   x 1-       =   

a   x5 4 07+ - =        b   x 2 09- + =    :        1

              
      (   )    
.             

  m
n       x bn

m
=       

n
m   

x xn
m m

n

=^ h  :    m  

x xn
m m

n

=^ h  :    m  

.       :
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x2 502 3
2

- =^ h  :   

:

 x2 502 3
2

- =^ h

 x 2 253
2

- =^ h  

 x 2 253
2
2
3

2
3

- =^` h j  2
3      

 x 252 3=-    m   x xn
m m

n

=^ h

 x 2 5 1256
- = =

   x 2 125- =   x 2 125- = -  x b x b(= =^   x b= - h

 x 127=   x 123= -

,12 1273- =" ,   

:    2

 a  2 54x 3 2
3

+ =^ h  b  04x1 5
2

- - =^ h

.        (   )     

5 3x x+ =-  :   

:

 3 5x x- + =   

 x x3 5= --

:    x  

 ,x x3 0 5 0$ $- -

 ,x x3 5$ $

 3 5
   x 5$

   ,x 5 3! h6
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:

    x 4=

.(   )

x x3 52 2- -=^ ^h h  2     
 x x3 5 2- -= ^ h  x0 #    x x

2
=^ h

 x xx3 10 252
- - +=  

 x x11 28 02
- + =  

 x x4 7 0- - =^ ^h h  
 x 4 0- =     x 07- =  b 0=   a 0=    a b 0: =

 x 4=      x 7=
 ,4 5 3g h6  , ,7 5 3! h6

7 =" ,     

x x5 1 3- + =  :    3

              
.   

a   x x8 2 4 16 0- - =         b  x x 42 0+ - =         :     

:
a   x x8 2 4 16 0- - =   

 x x8 2 4 16= -    
x4 16 0$-   ,  x8 0$  :    x  

 x 4$  , x 0$  

0 4
   x 4$

   ,x 4 3! h6

x x8 2 4 162 2
= -^ ^h h    

x x8 4 4 16= -^ h ,x x x 02
$=^ h

x x2 4 16= -  4  
x x2 16 8&= =

 ,8 4 3! h6

8 =" ,     
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:  

   
     
    
     
     

.  
 :

    
     t
   

.y 0 63t
=

b  x x2 4 0+ - =

 x x2 4= - -

:      

 x x2 4 0 2(- = =   x x0 0(= =

     x     

=     

:       4
a  x x5 2 9 0- + =  b  x x3 07 21- + - =

    ( )      
(s)   : f  f c

m2=  :   
.( ) c 20=  (kg)   m

f s4=       

:
 f c

m2=

 c
m f

2=

 m
20 2

4
=  

 m
20 4

16
2=    

 .m 8 1.    

.  8.1kg    

  f  f
l2 10=  :   ( )       5

.(m)    l (s)  

.2 s      

Exponential Equations    :
2 32x
=  , 3 243x- =-^ h  , 2

1 5
y

=` j   :
.   

:       
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, ,a 1 0 1b -" ,    a 
  n m

m n=   a am n
=   

.1 0 -1     a      

.     
17 ≠ 18  117 = 118

3 ≠ 13  (-1)13 = (-1)3

3 ≠ 4  04 = 03

:        

 a  2 64x =  b  .2
1 0 5

x

=` j  c  4
3

27
64x

=` `j j

:

 a  2 64x
=

 2 26x
=    64 

 x 6=

6 =" ,     

 b  2 0.5
1 x
=` j

 2
1

2
1x

=` j  .0 5 2
1

=

 2
1

2
1x 1

=` `j j

   x 1=  n m=   a an m
=   

1 =" ,     

 c  4
3

27
64x

=` `j j

 4
3

3
4x
3

3

=` j  4 643
=   3 273

=

 4
3

3
4x 3

=` `j j  y
x

y
x

n

n n

=c `m j  , y 0!

 4
3

4
3x 3

=
-

` `j j  y
x

x
yn n

=
-

` `j j  , x 0!  , y 0!

   x 3= -

3- =" ,     
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:

 ab 0=   
.b 0=   a 0=

:

a 1
0
=   a 0!

:      6

 a  3 243x
=         b  4

1
128
1x

=` j         c  3
2

16
81x

=` j

.      

:        

 a  3 27x 12

=
-  b  7 49

1x x32

=
-  c  6 1x2 8

=
-

:

 a  3 27x 12

=
-

 3 3x 1 32

=-     27 

 x 1 32
- =  m n=   a am n

=   

 x 42
=  

 x 2=     x 2= -   

2"  2- =,      

 b  7 49
1x x32

=
-

 7 7
1
2

x x32 =-     49 

 7 7x x3 22

=
- -  x x

1n
n=-  , x 0!

 x x3 2 02
- + =  m n=   a am n

=   

 x x1 2 0- - =^ ^h h  

 x 1 0- =   x 2 0- =

  x 2=   x 1=
2"  1 =,    

 c  6 1x2 8
=

-

 6 6x2 8 0=-

 x2 8 0- =

 x 4=
4 =" ,    

:       7

 a  5 1x 42

=
-  b  3 81

1x x52

=
+  c  2 32x 42

=-
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A

B

C
D

oR
x

xx

 .       x   

.       

 

:  

.              

.   :  

.x         

x3 =  

.   :  

.    

.    AB

.    AB

.CB = x AC = g :  C   ABC     AB

AC   AB  a

.D    ACD

  AC x x x22 2 2 2= + =^ h

 AC x 2=

ABC   AB  b

C    ABC

  AB AC BC2 2 2
= +^ ^ ^h h h

AB x x x2 32 2 2 2
= + =^ h

  AB x 3=

:     c

R
x
2
3

=
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:    d

r3
4 3  :   

 .
x

3
4 3 14 2

3 3

= ^ ch m

 . x
8 3

4 3 14 3 33

=
^ ^

^ ^

h h

h h

 . x1 57 3 3
.

:        :  

. .
x

x1 57 3 2 72
13

3
#

=
^ h                    :  

 

 
  

    :    

1 : 2.72  

 

 

 h r2# # =   
.   h=  

.      r=
 .       x   

.       

x

x

x   
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  ,x x x x2 2
= =^ h

  ,A x x A x02
( !H= =

  ,x x x xR 3 3 336 ! = =^ h

  ,x y x y x y 0R: : ,6 !=
+
" ,

  ,y
x

y
x x y R6 != +

  ,x y x y x y R3 3 3: : 6 !=

  , ,y
x

y
x x y y 0R R3

3

3

6 6 !! !=

:     a, b   

a    a  

a b-    a b+  
   xn   

:  n 12    n   m    x      

  x xn n1
=

  x xn
m n m
=

   n   
x

x
x

nn = )    n   
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  , , , , ,m n a b a b 0Z R6 6! !^ h

 .a b a b
a a a
a a

b
a

b
a

b b

b
b b

1

n n n

m n m n

m n m n

m
m
m

n
n

m
n

n m

(

:

:

=

=

=

=

=

=

:

+

-

-

^

^

`

h

h

j

Z

[

\

]
]
]
]
]

]
]
]
]]

:    ,x yn n    

  x y x yn n n=: :

  
y
x

y
x y 0

n

n
n !=

  :x x x R.mn n m mn !=

.             

x xn
m m

n
=^ h  :    m   

x xn
m m

n
=^ h  :    m   

, , , , ,m n a a 1 0 1Z R g! ! -" , , a a m nm n
(= =  
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   :  

      .             :    1
         :             
         .       10  1       

.  10          (1)   

    :           :  2

               
.  

        :  9.3 mm   :  :   3
.     

:    4

                a

.      

         .              b

         .         .   

205 175 170 150 140 ( g )  

1.1 2 2.4 3.2 3.6 (cm)   
 

  5 m        .       .          c

.    .          .  

.          .            d

  .                  :   5

.          
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The Real Functions
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 ������� ���� ����
   .       
          
     .    

.  

.             a

              b

.  

     b          a   
.         

.       

              
.         

 Relation and Function   
               
              
 .   (    )      
     (    )    

    

        ( )     ( )    
 .  

.             

X  Y  :      

.      1

.          2

.                3

 
• .    
• .  

:  
• Relation  
• Domain  
•  

Co-Domain  
• Range  
• Function  
•   

Vertical Line Test  
•  

Zeros of Denominator 

:  

  (a, b)
   a  

.   b

 
Domain of the Function

 2-1
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a

1
2
3
4
5

X Y

r
1

1
2
3
4
6

b

0
1
2
3

X Y

r
2

1
2
3
4
5

c

1
4
9

16
25

1
2
3
4
5

X Y

r
3

d

1
2
3
4

2
3
4

X Y

r
4

:

{1, 2, 3, 4, 6} =  1   a

{1, 2, 3, 4, 5} =   
{2, 3, 4, 5} =  

r
1
 = {(1, 2), (2, 3), (3, 4), (4, 5)} :  2

.         6      r
1
   3

{1, 2, 3, 4, 5} =  1   b

{0, 1, 2, 3} =   
{2} =  

r
2
 = {(1, 2), (2, 2), (3, 2), (4, 2), (5, 2)} :  2  

.                 r
2
   3  

{1, 2, 3, 4, 5} =  1   c

{1, 4, 9, 16, 25} =   
{1 4, 9, 16, 25} =  

r
3
 = {(1, 1), (2, 4), (3, 9), (4, 16), (5, 25)} :  2  

.                r
3
   3

{1, 2, 3, 4} =  1  d

{2, 3, 4} =   
{2, 3, 4} =  

45



r
4
 = {(1, 2), (2, 3), (3, 2), (3, 4), (4, 3)} :  2

.        3       r
4
 3

   ( )               
.       

:   

.                  

:                  

a

x

y

 

b

 

x

y c

 

x

y

:

.                     a

.               b

 .              c

:                  1

a

x

y b

x

y
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:  

     - {4}

/{4} 

Domain of the function   
          ( )y f x=  :    
     y        D  x 

.D  

:      
a  f x x2 1= +^ h  b  g x x x3 12

= + +^ h

c  x xt 3 4= -^ h  d  x x
xh 4

2
=
-
+

^ h

e  u x x2 13
= +^ h  f  v x x

x
2

3 4
-
-

=^ h

:

      x         f  a

.     f      y

.  g     a       g  b

               c

 .         x    t   
 :  

x x3 4 0 3
4

( $$-

,x 3
4

d 3j8  ,3
4
3k:   t    

( ) ( )
( )h x d x

n x
=  :   d

 d      n   (  )   h  
.    

( )d x 0=  :    

x x4 0 4(- = =   :

.4      h   

 /{4} h=     

.(- , 4)  (4, ) 

              e

.           
 u    

( )v x d x
n x

=
^

^

h

h  :   f

.     d  ,3
4
3j8    n     v 
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{2} =   
.   v(x)     x     v   

{2}  ,3
4
3j8             

 ,3
4
3j8 /{2} = v   

,3
4 2j8   (2, ) 

:       

.R          1

.     R          2

.R      ( )f x x=    3

. ( )g x 0$           n  ( ) ( )f x g xn=    4

.g      n  ( ) ( )f x g xn=    5

.h, g         ±f x g x h x=^ ^ ^h h h   6

.h   g  f=    

.h, g         .f x g x h x=^ ^ ^h h h   7

.h   g  f=    

. h x 0^^ h h   h, g         f x h x
g x

=^
^

^
h

h

h    8

.   /(h   g ) f=    

:      
a  f x x x x2 4 2 63

= - - -^ h  b  g x x x x8 22 2 -= +^ ^h h

c  h x x
x1
12

3

=
-

+
^ h  d  x

x
u 4

-
=^ h

:
 ( )a x x2 6= -   ,   ( )b x x x2 43= -   :    a

 ( ) ( ) ( )f x b x a x= -   
.         b 

x x2 6 0 3(H H-   :    a 
 [3, )      :  a 

b   a  f=    
 [3, )      : f   

 = [3, ) 
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 ( )p x x8 2= -     ,    ( )m x x x2 2
+=    :    b

g(x) = m(x) . p(x) :

.         m  

x x8 2 0 4(H G-     p  

(- , 4]  p  

 (- , 4] :g   

= (- , 4]

 ( ) ( )r x x q x x1 12 3= =- +   h x r x
q x

=^
^

^
h

h

h  :    c

.          q  

{-1 ,1}         r 

.   /(r   q ) = h 

:h   

 (   )-{1-, 1} = -{-1, 1}

 t x x= -^ h , s x 4=^ h   u x t x
s x

=^
^

^
h

h

h  :    d

.        s  

-x ≥ 0 (  x ≤ 0  .            t  

x   (- , 0]  

{0}    

.   /(t   s ) = u  

:u    

c  (- , 0]m - {0} = (- , 0)

:       2

a  f x x
x2 5

41 =
+
-

^ h  b  f x x xx4 4 92
3 2= - - + -^ h

c  f x x
x5 4

43 2=
-

+
^ h  d  f x x

x x5
4

2
3

=
-

^ h
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•      

.    

...   
• .    
• .  
• .
• .
• .  
• .
• .   
• .   
• .   

 
•  

Quadratic Functions  
•  

General Form  
•    

Quadratic Term  
• ( )  

Constant Term  
•  

Linear Function  
•  

Domain of the Function 

 2-2  
Quadratic Functions and their Modelling

 ������ ���
.       

      .    
  .        
        

.  

       :

´0ª      

.       

          
.  

         :
10 s        .
        

.   

       ´0ª    1
.      

.      a  2
 .        b  

    
         3

d
b

d

t

c

a
d

t t

 

  

(ml)

 

(s)

0
10

20

30
40

... ...  
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:   

f  :     

f x ax b= +^ h  

y ax b= +  

a   a  ≠  0  

    b  
.   

y

x

   a 0=  
    by =

.  

y

x

y = b

Quadratic Functions   

 ª              

.   ´

:        

f(x) = ax2 + bx + c,   , , ,a b c a 0R !!

       

 ( )          

             

.´parabolaª     

       x
b
a2
-

=      

.  

y

-2

-2
-3

-4

-1
-1

1

1

2

2

3

x

 

:        
 f(x) = 3x2 - 5x - 2

 A(1, -4)

 B(2, 0)

 C(0, 2)

 D(-3, 40)

         (2)        
.(1)  
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:  3    3

    
    

.    

    
    
   
     
  .   
    

.   

     
    
     
     

.  

.    ( ) ( )f x x x3 4 2= - +^ h  :     

:
:    

f(x) = (3x - 4)(x + 2)

( ) 3 6 4 8f x x x x2= + - -   

( ) 3 2 8f x x x2
= + -    

(   ) 3x2         
.     

.         1
a  ( ) 2 ( 3)f x x x= -  b  ( ) ( 2)(2 1)f x x x= - +

c  ( ) (2 3) 4 7f x x x x2 2
= + - -  d  ( ) 3( 4 ) 3 4f x x x x2 2-= - +

Modelling Data   

             
.               .

   x             
.      3  

7 6 5 4 3 2 (x)  
21 15 10 6 3 1 (y)   

.       x , y     a

.  20   10        b

:

( )f x ax bx c2
= + +  :     a

:    (2, 1) ,(3, 3) ,(4, 6)   

a b c

a b c

a b c

1 4 2
3 9 3
6 16 4

= + +

= + +

= + +

*

       1
 2
 3
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:  3   2    2   1  

a b

a b

2 5
3 7
= +

= +
'

 4

 5

a a2 1 2
1

(= =  :  5   4  

2 = 5 ^ 2
1  + b         b = - 2

1     : a 2
1

=   4   

: ,a b2
1

2
1

= =-   1   

1 = 4 2
1
` j + 2 2

1
-` j + c  

1 = 2 - 1 + c
c = 0
a 2

1
=  ,  b 2

1
=-  ,  c 0=

 ( )f x x x2
1

2
12

= -    :     

:f (10)   (10)       b

 (10) 2
1
(10) 2

1
(10)f 2

= -  

f (10) = 50 - 5 = 45  
.    10     45   

 :f (20)  
(20) 2

1
(20) 2

1
(20)f 2

= -  

f (20) = 200 - 10 = 190  
.    20     190   

.           2

7 6 5 4 (x)  

14 9 5 2 (y)   

.       x, y     a

. 15     10         a      b
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.    

Mode   

  8   
 

5: EQN :  

  4   
.

:  
2: anx + bny  + cnz = dn

:    
1

2

3
 >

a

  

b 

 

c 

 

d 

 H

     
:   

ax by cz d+ + =

     
 y    =   x  
  =   z   =  

. =    d 

     
.

  =     
(  ) x 

  =     
(  ) y 

  =     
(  ) z 

(  )   

   t  ´  ª          

.(ml)     y (s)  

   
t 4 8 12 16 20 24 28 32
y 112.3 104.8 97.5 90.4 83.5 76.8 70.3 64

.       a

.36 s         b

:

f t at bt c2
= + +^ h  ,     y = f(t)  :    a

.    3   

. ( ) ( )a b c112 3 4 42#= + +   (4, 112.3) 

. ( ) ( )a b c97 5 12 122= + +  (12, 97.5) 

. ( ) ( )a b c83 5 20 202= + +   (20, 83.5) 

.

.

.

a b c

a b c

a b c

16 4 112 3
144 12 97 5
400 20 83 5

+ + =

+ + =

+ + =

*
 :    

 .a 160
1 0 00625= =  .b 20

39 1 95=- =-  c 120=   :     

 f t t t160
1

20
39 1202 - +=^ h  

 
. .f t t t0 00625 1 95 1202

= - +^ h
  

   (8  ,  104.8)   

( ) ( ) . ( ) .f 8 160
1 8 1 95 8 120 104 82 {=+= -

.         

( ) ( ) ( )

. .

.

f 36 160
1 36 20

39 36 120
8 1 70 2 120
57 9

2
= - +

= - +

=

  :  b

58cm     
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(  )   

     .        .     3 m       
.(m)  x     (m)  y

 

x 0.6 1 1.2 1.3 1.6 2 2.6 3
y 4.44 4.92 5.016 5.028 4.92 4.44 3 1.56

          
.   x , y 

:

( ) , ( )f x ax bx c y f x2= + + =  :   

(a, b, c)    3  .          ( , )x y    8  

. ( . ) ( . )a b c4 44 0 6 0 62= + +  (0.6, 4.44) 

. ( ) ( )a b c4 92 1 12= + +  (1, 4.92) 

. ( . ) ( . )a b c5 016 1 2 1 22= + +  (1.2, 5.016) 

. . .

.

. . .

a b c

a b c

a b c

0 36 0 6 4 44
4 92

1 44 1 2 5 016

+ + =

+ + =

+ + =

*

 :    

. , . ,a b c1 2 3 12 3=- = =   :       

( ) . .f x x x1 2 3 12 32=- + +

.     (x , f (x))   

:(1.3, 5.028) :   :

 5.028 =?  -1.2(1.3)2 + 3.12(1.3) + 3

 5.028 =?  -1.2 ^ 1.69 + 3.12 ^ 1.3 + 3

 5.028 = 5.028

.   (1.3, 5.028)  

.         

 

.                

x -1 -0.5 0 0.5 1 1.5 2 3 4
y 10 6.25 3 0.25 -2 -3.75 -5 -6 -5
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2-3

 
•      

.    
• .    
•      

.  

 
• Parabola   
•   

Vertex of the Parabola
•  

Axis of Symmetry  

   
Quadratic Functions and Parabolas

x

y50
40
30
20
10

 ������ ���
   ( )     
        

.      ( )

         1
     (cm) 

 

:     2

0.35 50xy 2
= - +  

       x    
y     y 

2  1        3

                
.          

     

 Parabolas Representing Quadratic Functions 

  (  )      
       
        
        
       
        
        

.     

     )       ( )  
            (   
             

.      x
1
  x = x

1
     

y x

x

y x2=-  y x2=  

2

2

2-2

-2

-2

 

 

y
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(1) 
:     

.    a

y

x

2

2 4

Q'Q

P P'

6

4

2

6

2

1

 
( )

 

1  .     b

:      c

P(1, 2) , Q'(4, 8)  

y = ax2 :  (0, 0)         :
.         a  

 x = 0       

              .           
.    

a  F(-1, 6) b  H(-4, -8)
:

y ax2=  :           ay

6

4

2

x

1

1-2 -1

 F(-1, 6)     
( )a a6 1 62

(= - =  

6y x2=  :   
 ,a 6 6 02=  

.      
y ax2=  :     b

H(-4, -8)     

 8 ( 4)a 2- -=  

x
-2

-1-2-3-4

-4

-6

-8

y

1 32 4

 a a16 8 2
1

(=- =-  

 2
1y x2=-  :   

 ,a 2
1

2
1 01=- -  

.      

 .            1

.                  

a  E(4, 2) b  D (1, -5)
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.           .       

(2) 
.    y = 2x2

y = 2
1

  x2

y = x2

y

5

4

4

3

3

2

2

1

1-1-3-4 -2 x

 .         a

           b

 

  

 400 m                  :
.     2 m   

 .            

.        

:

  

 (  )

y

x

(-200, 2)

400 m

(200, 2)

2 m

  
 

:         (200, 2)   
( )

.

y ax
a

a
a

200 2

40 000
2

0 000 05

2

2

=

=

=

=

 

 0.00005y x2=  :        
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x

y

1

2-1-2

2

3

4
(2, 5)5

1

 y ax2=  :     2

.     

       

Equations of some Parabolas in terms of the Coordinates of Vertices

.         

(0, 0) x

y

(h, k)

 y a x h k2
= - +^ h ,  a ≠ 0 , h ,k R!  :   

       (h, k)       
y ax2=  :

   h        k h    
         h   .        k  

.         k  

   

:            ( )y a x h k2= - +  :   
   x = h :     (h, k)    
  .  a          a        
  y x2=  :         | a | < 1  
  y x2=  :         | a | > 1  

P (5, -4)   V (3, 4)         

:

V (3, 4)

P (5, -4)

x

y

2

2

4 5

4

-2

-4

 .(h, k) = (3, 4) :  

:a       
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    ( )y a x h k2
= - +

     ( 3) 4y a x 2
= - +  h = 3 , k = 4

4 (5 3) 4a 2- = - +  (5, -4)  

8 4a- =  

2 a- =  a   

( )y x2 3 42=- - +  :    

x

y

2
3

1

2 3 4 51-1
-1

-2

4
5

(3, 3)

(2, 4)
 

-2
-3

 

.        3

.         

.     2( 1) 2y x 2
= + -  :   

:
.     ( )y a x h k2

= - +       
h = -1,     k = -2  

  (-1, -2)  
  a = 2,     2 > 0 

1

1

2

2

-4

-2

-2

-3

-1
-1 x

y

      
.     

  x = h    :    
.    x = -1  

.   
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y = 0  x = 0  :   
 .      

.       
.      

1

1

2

2

3

-2

-2-3 -1
-1

x

y

 . ( )3 1y x 2= + +  :    4

.        0.5( 2) 3y x 2=- - +  :   

:

     ( )y a x h k2= - +       

h = 2 k = 3  

  (2, 3)  

 a = -0.5 , -0.5 < 0

.           

. x = h    

   x = 2  

.   

3 4

1

2

3 (2, 3)

(4, 1)(0, 1)

x

y

21

 y = 1  x = 0  :   

.(0, 1)   

.(4, 1)     (0, 1)    

.      

 y x2 3 12
=- - -^ h  :    5
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:  

 (Tennis)   
    
     
   .  
     
      

.  

    
     
    
     .
     
      
      
.    

  
         150 cm      

.    300 cm     

.         

.          

 :

       
.  

      
 :

( )y a x h k2
= - +  

  (0, 150) :   
Ñ h = 0 , k = 150 

( 0) 150y a x 2= - +   ,  150y ax2= +  

:  (300, 0)   

(300) 150 0 600
1a a2

(+ = =-  

 :    
(-300, 0) (300, 0)

(0, 150)
 

x

y

  600
1

150y x2=- +  

   1 m            6
 .   6 m         

               
.

      
    

.
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   ( )     .             
     .    x      100( 1.75) 300y x 2=- - +  :

.      

.     a

    .  2          b

.  1.25  

              c

   

:

. x > 0       x   a

100( 1.75) 300y x 2=- - +  :   b

x = 2  

100(2 1.75) 300y 2=- - +  

y = 293.75  

.  293.75    

 x = 1.25  

100( 1.75) 300.y 1 25 2=- - +

y = 275  
.  275    

    1.75   (1.75, 300)    -100 < 0         c

.  300         

.              (7)   7
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 2-4

 
•       

.   
•     

    
.

 
•   

Vertex of a Parabola  
•  

General Form  

:  

    
    
  .  
    
     

:   

     a

.GRAPH

 .    b

 EXE   c

.     

          
 

Comparing Vertex and General Form Equation of 
Quadratic Functions

������ ���
.      

  .            a  
            

.    

y = ax2 + bx + c, a ≠ 0
(  )

a b y = a(x - h)2 + k, a ≠ 0
  )

(   

h

1  y = x2 - 4x + 4 y = (x - 2)2

2  y = x2 + 6x + 8 y = (x + 3)2 - 1

3  y = -3x2 - 12x - 8 y = -3(x + 2)2 + 4

4  y = 2x2 + 12x + 19 y = 2(x + 3)2 + 1

         b  

        c  

.    :  a  

    .      h b      b  
.h b  

            c  
.h b a    

        a  

 y = ax2 + bx + c      :       b  

 y = 2x2 + 10x + 7    :       c  

   .         ´  ª  
  - b

2a :            
.     h     k  

64



•  :
Perimetre (P)  

• Area (A)   :
• Length (L)   :
• Width (W)   :
• Height (h)  :
• Rectangle  

.        2 10 7y x x2= + +  :  
:

( )y a x h k2= - +  :  (h, k)     

:  

h a
b
2=-     a

b
2
-  

 2 2
10

=
-

^ h
 b a  

= -2.5  

 :  

2( 2.5) 10( 2.5)k 72= - + - +  x = -2.5  

= -5.5    

 2( 2.5) 5.5y x 2= + -  :      

.        3 12 5y x x2=- + +  :   1

.              

  
              
     .   2.8 m        

   (A)   
    

:

   (L)     ( )    (P)   
.(W)

P = 2(L + W)  (  + ) 2 = 

2(W + L) = 280  P = 2.8 m = 280 cm

L = 140 - W     

:  

   
:    

 (  + ) 2 = 

P = 2(L + W)

 ◊  = 

A = L ^ W
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A = L ◊ W   ^  = 

A = (140 - W)(W)    

A = -W2 + 140W  

 a
b

2
-             

     

W = a
b

2
-  = 2 1

140
-

-

^ h
 = 70 cm

L = 140 - W   

L = 140 - 70 = 70 cm

70 cm            

 70 ◊ 70 = 4 900 :   

4 900 cm2 :   

(2)              a  2

              b  

.    c ^ d   c + d = 18 :    c, d     c  

.             
.              

.          3( 1) 12y x 2= - +       :  

:

 3( 1) 12y x 2= - +

 3( 2 1) 12y x x2= - + +   (x - 1)(x - 1) 

 3 6 3 12y x x2= - + +     

 3 6 15y x x2= - +    
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.   .    2( 3) 7y x 2=- + -  :   a  3

     .                b  
   

  a, b   (1, 8)        12y ax bx2= + +   

:

:  
    (1, 8) 

8 = a(1) + b(1) + 12    
 8 = a + b + 12
 a + b = -4 1

x = a
b

2
-  :     

a
b b a1 2 2(=
-

=-           2   

 a b

b a

4

2

+ = -

= -
'

 1    
  2

:   2    b   1  
 a - 2a = -4
 -a = -4 (  a = 4

b = -2(4) = -8 :   4  a   2  
a = 4 b = -8  

:  

( )

( )

y a x

a x x

ax ax a

1 8
2 1 8

2 8

2

2

2

-= +

= - + +

= - + +

 

y ax bx 122
= + +        

( )

a a

a b b

8 12 4
2 2 4 8

(

(

+ = =

- = =- =-

   

 a, c   .(-1, 5)      4y ax x c2= + +    4
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:  

 ( ) 15 600 50f x x x2=- + +  

.     x 

       a

    b

:
a   ( ) 15 600 50f x x x2=- + +

          

 x a
b

2=
-  

2( 15)
600

20x -
=

-
=  

.  20         

b   (20) 15(20) 600(20) 50 6 050f 2=- + + =

.  6 050    

:             5

( ) 2200 1150 000f x x x2=- + -  

      x  

.          a  

.     b  
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 2-5

 
• .   
• .    

 
• Inverse  
•  

Inverse of a Function
•   

Square Root Functions

 ������ ���
         

       

  L = 11d - 0.5    1
      L  

.      d 

.   5 cm         a  

. a          b  

.      27 cm      a  2

. a          b  

             
.            

:����
g x

x
2
8

=
+

^ h   ,   f (x) = 2x - 8 :  

.   g    f  

.6  f       

f (x) = 2x - 8

f (6)  

g(4)  

g(x) = x
2
8+

6 2 8 4

6 2 8 4

 

 

     f (x) = 2x - 8 , g x x
2
8

=
+

^ h  :

g   f  f   g  

.     f , g :   a  1

 f        b  

.         c  

    

   
Inverses and Square Root Functions
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 r   b  r   a     r  
.a  b   r   

.        (b, a)  r     (a, b)  

:

    
.r-1  r

 r-1  r    
.    r       r  

1

2

1.2

1.4

1.6

1.9

1

2

1.2

1.4

1.6

1.9

r r -1 

 

S    x 1 2 3 4
y -1 0 1 1  S    a

  S   b

.   S  y = x     c

  S     S   d

x -1 0 1 1
y 1 2 3 4

 .   x , y    a   :

 

  S  b            

S  

y

x

1

1
-1

-1

2

2

3

4

3

S  

y

x

1

1
-1

-1

2

2

3

4

3 4  

y

x1
-1

-1

1

2

2

3

3
4

4

 .   S     y = x  c

           S  d

.    

     (1)      S   

.    
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  .       (b, a)       (a, b)   
.            

.       

.      2
4

y
x -

=    

:

1

1-1
-1

-3

-3

-4

-4

2

2

3

3

4

4

(0, 4)

(4, 0)
(0, -2)

(-2, 0)

y

x-2

-2

    2
4

y
x

=
-      

x 0 2 4
y -2 -1 0

.y    (4, 0) (0, -2)  

.    y     (0, 4) (-2, 0)  

.     

:    

1

1-1-1-2

-2

-3

-3

-4

-4

2

2

3

3

4

4

y

x

 m x x
y y
2 1

2 1
=

-
-  , (x

2
 ≠ x

1
)   :

 
0 2
4 0

2= =
- -

-

^ h
  

:  2  (0, 4)    

y - y
1
 = m(x - x

1
)  

y - 4 = 2(x - 0)  

y = 2x + 4  

y = 2x + 4 :   

.      y = -3x + 5   1

y     x, y           

y  f (x)   f (x)     
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x
y
2
4

=
-  :     y x

2
4

=
-     

2x = y - 4  
y = 2x + 4  

y = 5x - 4    
y = 5x - 4  :
x = 5y - 4  y , x 
5y = x + 4  y   

 5
1

5
4y x= +  

5
1

5
4y x= +            y = 5x - 4           

x

y

1

1 2 3 4 5 6
-1

-1-2-3

2
3
4
5

y x5
1

5
4

= +

y x5 4= -

  :    2

a   3
2 1y x

=
-   b   y = 2(x + 1) - 3 

.   ( ) 3f x x2= +  :   

:

( ) 3f x x2= +

3y x2= +  y  f (x)  

3x y2= +  y x 

3x y2- =  y   

y x 3!= -     

:  ( ) 3f x x2= +   

y x 3!= -

x

y

1

-1-2 1

2

2

3

3

4

4

5

5 6

y = - x 3-

y = + x 3-

y = x2 + 3  :  3y x2= +  :   

   y x 3!= -

.         

:     

     3y x2= +  

 x   y       
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:  

y x 3= -  x ≥ 0  3y x2= +   :     a

      b

3y x= - -  x ≤ 0  3y x2= +   :     c

      d

.   . ( ) ( 3) 4f x x 2= + -  :    3

Square Root Functions    

.    y x=  

          (0,  0)         
. x ≥ 0     . x  

.       y ≥ 0  [0, )   .[0, )  

y x h k= - +      

x

y = x

(-3, -4)

1

-1-1-2

-2

-3

-3
-4

2

2 31

3

4 5

y

y x 3 4= + -

 :  y x=       

     h      k, h  
.     k 

  .      h  

  .      k  

    y x 3 4= + -   y x 3 4= - - -^ h  :   
.         y x=  

.      y x 4 2= - -  :  

:

y x=  :    

.    2   4

y

x-1
-1
-2

1

1

2

2

3

3

4

4 5 6

y = x

y x 4 2= - -

  (4, -2)   2y x 4= --    

[4, ) =      

[-2, ) =  

73



1y x 2= +-  :   a  4

.      

.    2   5 y x=  :      b  

.        

.        

  

  .(in)  ´dª       

.A       d A2=  :

      100 in2              
 

:

.200 in2   2 100 in2#    

  :  

d A2=     

2 200= ^ h  A  200  

20400= =  20 in    
( )   :  

.    

. y x2=  

25

20

15

10

5

-5
x

y

50 100 150 200 250 300

 200x =   y  

20 in    

1 in = 2.54 cm :

.(42 in  ) 42 in        5

  A  d      d A2=  :       
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Solving Inequalities

 2-6

 
•       

.   
•      

.    
• .    

 
• Inequality  
•  

Rational Expressions  
•    

Quadratic Inequality

:

a ^ b = 0  

a = 0    b = 0 

������ ���
 (1)     :

  f (x) = -x2 + 6x - 5

 :

.f (x) = 0  x  a   

3
4

(1)

x

y

2

1 2 3 4 5 6

1

-1-1
-2
-3
-4
-5
-6

(3, 4)

 . f (x) > 0  x  b  

. f (x) < 0  x  c  

x-3

-2

-2
-1

-1

3

3

y

4 5

2

(2)
2

1

1

  (2)       :

f (x) = x
x

2
3

-
-  

. c  b  a    

(- , 1)  (5, )           

. /[1, 5]   

.            

        

a b /[a, b] (- , a)  (b, )

a b /(a, b] (- , a]  (b, )

a b /[a, b) (- , a)  [b, )

a b /(a, b) (- , a]  [b, )

. x x 6 02 1- -    :    

:

6 0x x2
- - =   

x x2 3 0+ - =^ ^h h        
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:

    
    

.  

x + 2 = 0            x = - 2
  

 x - 3 = 0            x = 3      

:   0x x2 3 1+ -^ ^h h    x   

2 0 2

2 0 2

x x
x x

(

(

1 1

2 2

+ -

+ -

3 0 3

3 0 3

x x
x x

(

(

1 1

2 2

-

-

:  

x - -2 3

x + 2 - + +

x - 3 - - +

(x + 2)(x - 3) + - +

0

0

0 0

+

. 2 3x1 1-   x   0x x2 3 1+ -^ ^h h    

.(-2, 3) =  

. 4 3 0x x2 #+ +  :     1

 7 10 0x x2 #- + -   :    

:

7 10 0x x2
#- + -  

7 10 0x x2
$- +  -1  

7 10 0x x2
- + =   

7 10x x x x2 52
- + = - -^ ^h h  
2 0 2

5 0 5

x x
x x

(

(

- = =

- = =

:   x x2 5 0$- -^ ^h h  :   x   

2 0 2

2 0 2

x x
x x

(

(

1 1

2 2

-

-

5 0 5

5 0 5

x x
x x

(

(

1 1

2 2

-

-
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:

    
.  (-1) 

:  

x - 2 5

x - 2 - + +

x - 5 - - +

(x - 2)(x - 5) + - +

0

0

0 0

+

.x 5$   x 2#   x   0x x2 5 $- -^ ^h h    

 , ,2 5j3 3-^ h6@  =    

/(2, 5)  

. x x2 5 3 02 2- + -  :    x    2

  
.20 m  x           

x     a

. x        f    b

f x 241^ h      c

f x 92^ h      d

 

:
( )P L W m

L W m

2 20

2
20

10

= + =

+ = =
 a

10 - x =      x      

,

x
x
0 10

0 10d

1 1

^ h
 :     

  ^  =  b

L Wf x #=^ h

f x x x x x10 102
= - =- +^ ^h h  

f x 241^ h  c

x x x x10 24 10 24 02 2
( 11 + -- + -  
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x x10 24 02
- + - =   

x x4 6 0- + - =^ ^h h  

x 6 0- =        x 4 0- + =  

  x = 6      x = 4

:   x x4 6 01- + -^ ^h h  :   x   

x x
x x
4 0 4

4 0 4

(

(

1 2

2 1

- +

- +

x x
x x
6 0 6

6 0 6

(

(

1 1

2 2

-

-

,x 0 10! ^ h    

x 0 4 6

- x + 4 + - -

x - 6 - - +

(- x + 4)(x - 6) - + -

0

0

0 0

10

(0, 4)  (6, 10) =   :  

f x 92^ h      d

x x x x10 9 10 9 02 2
( 22 - + -- +   

x x10 9 02
- + - =   

x x1 9 0- + - =^ ^h h  

x 9 0- =     x 1 0- + =  

  x 1=    
 x 9=   

:   x x1 9 02- + -^ ^h h  :   x  

x x
x x
1 0 1

1 0 1

(

(

1 2

2 1

- +

- +

x x
x x
9 0 9

9 0 9

(

(

1 1

2 2

-

-

,x 0 10! ^ h   :  

x 0 1 9

-x + 1 + - -

x - 9 - - +

(-x + 1)(x - 9) - + -

0

0

0 0

10

.(1, 9) =   :  

78



.    x  16 m      3

x     a

 x       f   b

f x 72^ h      c

    

:      
a   f x x 42= -^ h  
b   g x x x4 32= - + -^ h  

:
a   f x x 42= -^ h  

x 4 02
H-         f  

x 4 02 - =     

x x2 2 0- + =^ ^h h   

x 2=     x 2=-  

:   x x2 2 0H- +^ ^h h  :   x  

x x
x x
2 0 2

2 0 2

(

(

1 1

2 2

-

-

x x
x x
2 0 2

2 0 2

(

(

1 1

2 2

+ -

+ -

:  

x - -2 2

x - 2 - - +

x + 2 - + +

(x - 2)(x + 2) + - +

0

0

0 0

+

(- ,-2]  [2, + ) :  f  

= /(-2, 2)  
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b   g x x x4 32 += - -^ h  

:

x x4 3 02
H- + -         g  

x x4 3 02
- + - =   

x x1 3 0=- + -^ ^h h    

x 1=     x 3=  

:   x x1 3 0H- + -^ ^h h  :   x  

x x
x x
1 0 1

1 0 1

(

(

1 2

2 1

- +

- +

x x
x x
3 0 3

3 0 3

(

(

1 1

2 2

-

-

:  

x - 1 3

-x + 1 + - -

x - 3 - - +

(-x + 1)(x - 3) - + -

0

0

0 0

+

[1, 3] :  g  

.   y x 42 -=       a  4

:        b

1   h x x x2= -^ h  

2   q x x9 2= -^ h  
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.    

x
x

2
3 7 2$
+

+   :    

:

x
x
2

3 7
2$

+
+  

x
x
2

3 7
2 0$

+
+

-  

x
x x

2
3 7 2 4

0$
+

+ - -     

x
x
2
3

0$
+
+  

x x3 0 3( =-+ =   :  

x x2 0 2( =-+ =   :  

:   x
x
2
3

0$
+
+  :   x  

    x x
x x
3 0 3

3 0 3

(

(

1 1

2 2

+ -

+ -
  

x x
x x
2 0 2

2 0 2

(

(

1 1

2 2

+ -

+ -

:  

x - -3 -2

x + 3 - + +

x + 2 - - +

x
x
2
3

+
+ + - +

0

0

0

+

 

, ,3 2,3 3- - -^ ^ h@   :  
= /(-3, -2]  

x
x
2 3
3 5

0$
- +

-  :     5
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.   

 x
x x

4
5 3 3

2

1
+

- +   :    

:

 x
x x

4
5 3

3
2

1
+

- +

 x
x x

4
5 3

3 0
2

1
+

- +
-

x
x x x

4
5 3 3 12

0
2

1
+

- + - -    

x
x x

4
8 9

0
2

1
+

- -   

x
x x1 9

0
4

1
+

+ -

^

^ ^

h

h h    

x x1 09+ - =^ ^h h   :   
 x 1=-   x 9=  

0x x4 4(+ = =-  :   

:   x
x x

4
1 9

01
+

+ -^ ^h h  :   x  

x x
x x
4 0 4

4 0 4

(

(

1 1

2 2

+ -

+ -

x x
x x
9 0 9

9 0 9

(

(

1 1

2 2

-

-

x x
x x
1 0 1

1 0 1

(

(

1 1

2 2

+ -

+ -

:  

x - -4 -1 9

x + 1 - - + +

x - 9 - - - +

x + 4 - + + +

x
x x

4
1 9
+

- -^ ^h h - + - +

0

0

0

0

0

+

 

(- , -4)  (-1, 9) =   

. x
x x

3
5

2
2

2
+
+

-  :     6
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. x
x x

3
5 6 0

2

2
+

-
-      

:

x x x x5 6 2 32
- + = - -^ ^h h  :  

x
x x

3

2 3
02

-

- -

^

^ ^

h

h h  :  

x x3 0 3(- = =   :       

x
x x

3

2 3
02

-

- -

^

^ ^

h

h h
1

1  x 3!  :    

x x2 0 2(2 2-  

2 3

        x 3=  
(2, )/{3} =  

 , ,2 3 3, 3^ ^h h =  

. x
x

7
49

0
2

#
+
-  :     7

    

:     

 y 5=   f x x x2 32
= + -^ h

. f x y1^ h     a

. f x y2^ h     b
x

y
5
4
3
2
1

1-1-1

-2

-2

-3

-3

-4

2

 . b   a          c

:

(-4, 5) (2, 5)   f    y = 5     a

,f x x5 4 261 ! -^ ^h h    

, ,f x x5 4 2,6 3 32 ! - -^ ^ ^h h h    b

:   c

( )

( )( )

f x

x x

x x

x x

x x

5
2 3 5
2 8 0
2 8 0
2 4 0

2

2

2

1

1

1

+ -

+ -

+ - =

- + =

  :

 

x 2=   x 4=-  
:   ( )( )x x2 4 01- +    x  
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x x
x x

2 0 2

2 0 2

(

(

1 1

2 2

-

-

x x
x x

4 0 4

4 0 4

(

(

1 1

2 2

+ -

+ -

:  

x - -4 2

x + 4 - + +

x - 2 - - +

x x2 4- +^ ^h h + - +

0

0

0 0

+

0

0

0 0

+

xf 51^ h   6x  (-4, 2)  :   

xf 52^ h   6x   (- , -4)  (2, + )                                

1

1-1-1
-2
-3
-4

2
3

2

4
5
6

3 4 5 6

y

x

y = -3

f(
x)

 =
 x

2
 -

6
x 

+
 5

 

:      8

.y = -3  f x x x6 52
= - +^ h  

f x y=^ h    ,   f x y1^ h    ,   f x y$^ h  :   

 

84



  B   A      300 km     B  A   
(x - 20) km/h    A   B      x km/h 

5 h 30 min   

.      

     

.   ◊  =    

.   x - 20    x   

5.5    5 h 30 min :       

:    300 km     

.x x
300

20
300 5 5+
-

=   = 
 

. x x5 5 710 6 000 02
- + =   

. x x1 1 142 1200 02
- + =  

:      

. .x x1 1
142

1 1
1200 02

- + =  1.1  

. . .x 1 1
71

1 1
61

1 21
3721 0

2

- - - =` j   

. . . .x x1 1
71

1 1
61

1 1
71

1 1
61 0- - - + =` `j j  

x = 120     

100 km/h     120 km/h        

 

7 h 30 min              1

:            2

.      x  f x x x250 2 4002
=- + -^ h  

    100      a

           b

    c
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.     ( )     ( )        

.               

f(x) = ax2 + b x + c ,    a, b !  a ≠ 0 :      

.     y = ax + b :        

.  f(x)  x               

.  f(x)           f(x)   

.    f(x)         

.    f(x)         

.   (h, k)  f(x) = a(x - h)2 + k :         

.   f(x) = a(x - h)2 + k   f(x) = ax2 + b x + c     

. x , y        

.                  

.           
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Polynomials

  :  

 .        .           :   1
   .                 
                   

.            .  

.                       :  2

.         :  3

:    4

:       

. . . . . ,y x x x x x0 00143 0 00166 0 236 1 53 0 739 04 3 2 2= + - + +  

.       

.            a

.      4  b

x

y

1

4

3

2

1

5

 6

2 3 4 5 6 7 8 9

 .        c

y ax bx cx d3 2
= + + +  :   

.             d

.           :  5

.         

 

           

3-13-23-33-43-5
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.      

        
.         

       
   .      
        

.  

:   

x x x2 3 03 23 2
+ - - =  

 x x x2 3 233 2
+ - =

 x x x x2 3 2 032 !+ - = ^ h

x

y

1-1
-1
-2
-3

-5

-2-3-4

1

3
4
5

2 3

2

4 5-5

-4

  
 (   )   

•  .      
•  .          
•  .    
•  .     
•  .       

  
•  .     
•  .     
•  .    
•  

 

 .     
•  .      
•  .      
•  .   
•  .     

 

    -   -   -    -  
 -    -   -   -   -
  -   -   -   -   
.    -    -    -  - 
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y x
y x

2

4

=

=
)   :      1

.     

y x2=1  , y x4=2     2

x x2 41      x   
y x4=2y x2=1x
6.55362.56-1.6
2.07361.44-1.2
0.40960.64-0.8
0.02560.16-0.4

000
0.02560.160.4
0.40960.640.8
2.07361.441.2
6.55362.561.6

 x x2 42      x   

         3
:

a  x x2 41  b  x x2 42  

x x6 41  :     4

    y x6=  :      
.    

    
 Exploring Power Functions and their Inverses  

.    .w c0 014 3
=  y x4=  :  

:     
 , ,y ax a n0 Zn ! !=

+

  
    c  (g)   w    .w c0 014 3

=  :  
20 cm         .(cm)   

 :
.w c0 014 3=  

.0 014 20 3= ^ h  20  c  
g112=  

112 g  20 cm      

 .(1)     22 cm         1

  
Power Functions and their Inverses

3-1

 
 ï    

.  
 ï    

.  

:  
 ï 

Power Functions  
 ï 

Odd Function  
 ï 

Even Function  
 ïDomain  

:

   
Z
+   :  

:

    y axn=

( )f x axn=   :  
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:  
   

 ï    

  
4y =1  
4y =2  
4y =3  
4y =4  

    )
   (  

y x4=  :   
 ï     

 {   y1

 ï ^     x    
 =     4   

  

 ´xª     (kg)  ´wª    ( ) .w x x15 625 3
=  

3.175m       ,       3.268m         .(m) 

 :

.  w(x) 

( ) .w x x15 625 3
=  

( . ) . .w 3 175 15 625 3 175 5003# .= ^ h kg

. . . .w 3 268 15 625 3 268 545 343# .=^ ^h h  kg

3.3m     (2)   2

x y
-3 -27
-2 -8
-1 -1
0 0
1 1
2 8
3 27

 1 
y = x3      

:   

           a

 

(4, 64) :           b

( , 0.125) (-0.5, -0.125) (-4,  )

      y = x3 :     (a, b)    c

    
1  (a, -b) 2  (-a, b) 3  (-a, -b) 4  (2a, 3b)

:         ´  ª    

.     y = x2 y = x4

1

1-1-2-3

2

2

3

3

4

4

5
y

x

y = x2

1

1-1-2-3

2

2

3

3

4

4

5
y

x

y = x4

.a ≠ 0    n  y = axn         
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    (  )
 180∫   
    

.  

:

    
.  

:    y = x3        "1 "   

1

1-1
-1

-2

-2

-3

-3

-4

2

2

3

3

4

4

5
y

x

y = x3

.a ≠ 0    n  y = axn         

Even Functions and Odd Functions     

:       D   ( )y f x=   

1  ,D Dx x6 ! !-  2  ( ) ( )x xf f- =

.     ( )        

.R        ( ) , ( )x x x x xf h R2 4 6 != =  :

x R6 !  x R!-   :  

1

1-1-2-3

2

2

3

3

4

4

5
y

x

  ( ) ( ) ( )f x x x f x2 2
- = - = =   :

 ( ) ( ) ( )h x x x h x4 4
- = - = =   :

   D   ( )y f x=   

:    

1  ,D Dx x6 ! !-  

2  ( ) ( )x xf f- = -

1

1-1
-1

-2

-2

-3

-3

-4

2

2

3

3

4

4

5
y

x

        

.     ( )

.    ( )f x x3=  :  x R6 !  :

 x R6 !  , x R!-  :  

  ( ) ( ) ( )f x x x f x3 3
- = - =- =-  :
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:

     
.    

.                
a  ( )f x x2 7

=  b  xy 8
-=

c  xy 2 2= +^ h  d  ( )h x 4=

:
a  ( )f x x2 7

=

 ( ) ( ) ( )f x f xx x2 27 7
- = - = - = -  6x ,   -x dR

f x f x- =-^ ^h h  :    

b  y x8= -  ( )y g x=    
 ( )g x x x g x8 8

- = - - = - =^ ^h h  6x ,   -x dR

 g x g x- =^ ^h h :     

c  y x 2 2= +^ h  ( )y v x=   
 v x x x2 22 2!- = - + +^ ^ ^h h h  6x ,   -x dR

 v x v x!-^ ^h h :     
 v x x 2 2!- - +^ ^h h

v x v x!- -^ ^h h     

      
d  ( )h x 4=

 ( ) ( )h h xx 4= =-  6x ,   -x dR

 h x h x- =^ ^h h  :    

.                 3
a  ( )f x x1

5
=  b  ( )f x x2 =

c  ( )f x x23
4

=  d  ( )f x x 34
3= +^ h
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.                 .    
a  ,y x x R5 != b  , ,y x x 33!= -6 @

x

y

1
-1
-2

-3

-4

1

2

3

4

2 3

y 
=

 x
5

-1-2-3

x

y

y =
 |x|

1

1

2

3

5

4

6

2 3-3 -2 -1

c  , ,y x x2 14 3!= -^ h d  ,y x x2 R!=

y =
 2

x4

y

1

1

2

3

-3 -2 -1

5

4

6

2 3

y =
 2x

x

y

1-1-2-3
-1
-2
-3

1

2

3

4
5

2 3

:
  �  ( )      �  a

  �  ( )      �  b

     �         �  c

  �  ( )      �  d

.                 .     4

a  
2

1

1-1
-1

-2

b  

2

2

1

1

3

-1

c  
2

1

1-1
-1

y = 3x y = 4x2 + 1 y = 2x3
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Inverse Relation r 1-
^ h  r 1-

^ h  

:    .       

  .a  b       b    a   r   

  .r 1-       (b, a)  r    (a, b)  

  .r    r 1-^ h   

  .     r         y = x :   

-3

-2

2

3

4

9

r-1

-3

-2

2

3

4

9

r

                    
.

y x2 4
=   :   

:

y x2 4
=  y 0$   

x y2 4
=  x , y  

x y2
4

=  y    

x x x,y y 04
1

4 4
1

4
1

( H= =2 2` ^ `j h j       

x y2
4
1

! =` j

y x
2

4
!=   y x2 4

=  

y x5 3
=  :    5
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:
 f    

 f 1-  

:
 ï (a, b)     

      
    (b, a)

.
 ï    

   
    

.  

( )f x x 2= +  :   

( ) ,f x xx 2 2H= + -  :

y x 2= +  y     

x y 2= +  x  , y   

x y 22
= +    

xy 22
= -  y   

 ( )f x x 2= +    

2 ,f (x) x x 01 2 H= -
-

( )f x x 4= -  :    6

.          

.       

   

y = x2

y

x

y x2=

2

2

4

-2

y x!=

y

x

y x=

y x= -

2

2
 

 

y = x3
x

y

-1
-1

1

1

y x3=

....x

y

-1
-1
-2

-2 1 2

2
1

....

y = x4
x

y

1

1

y x4=

....

y

x

2

2
....
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 ï    

.
 ï     

.  
 ï     

.  

:  
 ï  

Leading Coefficient  
 ïCubic Term   
 ï  

Quadratic Term  
 ïLinear Term   
 ïConstant Term    
 ïDegree  
 ï  

General Form  
 ï  

End Behavior  
 ï   

Polynomial  

3-2

������ ���
          .    1
.              .

.    

.        2.

       3

      4

        5

     ( )    a  6
.        

         b  
           

.(   )            

(  )   
 ... a x a+ + +n( )P x a x a x1

1
1 0n n

n
= + -

-

.     n 

  , ... ,,a a a an n n1 2 0- -  

:  ( )P x        ´  ª  

( )P x x x x2 55 23 2
= -- -

    
 

 

  

         .       
       .      .  
              .

.     

 
Polynomial Functions
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:

    
    n   

.  (n + 1) 

      
 

61

x + 32

3x2 + 5x - 2 3

2x3 - 5x2 2 

-x4 + x3 - 1   3

.            
a  x x57 4

- +       b  x x x x5 54 23 2 3 2
- + +^ h       c  l l2 5 12

- -^ ^h h

:
a  x x x x57 5 74 4

- + = -

x5 4        

.      

.        

b  x xx x5 54 23 2 3 2+- +^ h

x xx x5 54 23 2 3 2
= - - +

x2 2
= -

x2 2
-        

.       

.         

c  l l52 12
- -^ ^h h

 l l l2 2 5 53 2
= - - +

 l l l2 5 2 53 2
= - - +

l2 3        

.       

.         
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:

    
.once (oz)

   28.349 g
.28.35 g

:

     
    

.     

:

.1988  13  

.             1

a  x x 54 6- +  b  x xxx3 4 23 2 3
+ - +^ h c  x6 2 5

-

.        

.             

(  )  

        .         
.1988         

 197519801985199019952000

  38.539.249.370.271.682.6

:
.    

 .1975  0  .  
.     

  :     

    
0 5 10 15 20

 ...f x a x a x a4
4

3
3

0= + + +^ h  

.a 9 0333333 104
4

#=
-  

.a 0 05192962963 = -  

.a 0 95902777782 =  

.a 3 8987534211 = -  

.a 38 857539680 =  

. . . . .f x x x x x0 0009033 05193 0 959 899 38 860 34 3 2
= - + - +^ h  :

.       

yx
46.1578
49.5199
52.87510
56.1211

59.16812
61.95913

 .    1988     

.f 13 61 96.^ h

  62  1988       

.
•  .1997          
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End Behavior   

                  
.       

.           

.                  

 

  

   
 

  

d   n
1

 
x

y

-6

20

30

6

y x x x534 3
= - +

d   n

-1

 

x

y

-3

10

6 93

y xx 62
= - +

d   n

1

 

y

-6

10

20

6

y x3=

d   n

-0.3

 x

y

-6
-10

10

20

63-3

.y xx0 3 4 23
= - + +

x
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.        
a  y x x4 33

= -  b  ( )f x x x x2 8 84 3 2
= - + -

c  ( )g x x x4 32
= - +  d  ( )h x x x2 23

= - + +

:

(  ) 4   a

.        

.( )       

.             

.(  )     

(  ) -2   b

.        

.( )       

.              

.(  )     

(  ) 1   c

.        

.( )       

.              

.(  )     

(  ) -1   d

.        

.( )       

.             

.(  )     

.         2
a  y x x2 63 2

= - + +  b  y x x4 34
= -

c  ( )f x x x2 3 -=  d  ( )h x x x4= -
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 ï     

.
 ï     

.  
 ï.     

:  
 ï  

Maximum Value  
 ï  

Factors of a  
Polynomial Function  

 ï   
 Zeros of a Polynomial 
Function  

 ï 
Factor Theorem  

:

    
    
   

.  
:  6   :

, , ,1 2 3 6! ! ! !

������� ���� ���
    

.          

:  x x x 62 53 2
- - +  :    

x 1-^ h , x 2+^ h , x 3-^ h

:     x 1-^ h , x 2+^ h , x 3-^ h :      1

x x x 62 53 2
- - +  

6             2

              
.

.        x x x1 2 5+ + +^ ^ ^h h h :  

:

x x x x x x x1 2 1 105 5 22
+ + + = + + + +^ ^ ^ ^ ^h h h h h  x 5+^ h x 2+^ h 

x x x1 1072
= + + +^ ^h h  

x x x x x10 107 73 2 2
= + + + + +  

x x x8 17 103 2
= + + +  

x x x8 17 103 2
+ + +   x x x1 2 5+ + +^ ^ ^h h h   

.        x x x1 1 2+ + -^ ^ ^h h h :   1

3-3   
Linear Factors of Polynomials
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.     x x x2 10 123 2
+ +  :   

:

x x x x x x2 10 12 2 5 63 2 2
+ + = + +^ h    2x

x x x2 2 3= + +^ ^h h    x x5 62
+ +  

x x x x x x2 2 2 5 63 2
+ + = + +^ ^ ^h h h :  x 2+^ h , x 3+^ h 

x x x2 10 123 2
= + +  

.     x x x12 2 313 2
- +  :    2

.        
 ( )  ◊  ◊  =  :    

 V l w h: :=  
.           

  
3 dm            

.       x dm         

 ́xª  ´Vª       a

.     b

:

x3 2-^ h           a

, ,x x x33 2 2- -^ ^h h :   

V l w h: :=   ◊  ◊  =  :

V x x x3 2 3 2= - -^ ^h h  

V x x x4 2 913 2
= - +  

:  x    

( )V x x x x4 2 913 2
= - +

b    x       ,       x3 2-^ h  

  x3 2 02-       ,      x 02  

  .x 1 51           ,       x 02

, .0 1 5^ h :     

Length l  
Width w  
Height h   

h

w

l

103



 8 cm   12 cm          3

 x cm        . x cm

x          a

.     b

(3)   ( )f x x x x4 12 93 2
= - +  :     

y

x

0.5

0.5

-1.5

1

2

1 2

1.5

1.5
-0.5

-0.5

-1

2.5

 :  

    x 0=      .x 1 5=

        
.        

  (0, 1.5)       
. .x 0 5=    2

   2 dm3       
:     0.5 dm  

. dm3 2 0 5 2#- =^ h

    

Factors and Zeros of a Polynomial Function  

              
.        

y x x x2 1 3= - + +^ ^ ^h h h  

.         

:

.          

x + 3 = 0 x + 1 = 0 x - 2 = 0

x = -3 x = -1 x = 2

2, -1, -3 :     

:  

    
     
     
     

.  
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:
    
     

.   

:
 , 

  

:    

y = (x - 2)(x + 1)(x + 3)

0
1 2 3 4

4
3
2
1

-1-1
-2

-5
-6
-7
-8
-9

-3

-3
-4

y

x

 2, -1, -3 :   

:  

( )    

     

( )     

     

.( )    

.(  )   

:  

3210-1-2-3-4x

240-8-6040-18y

y x x x7 5 3= - - -^ ^ ^h h h    4

.          

.           

.     

 

.      a,       (x - a) 

      a      (x - a)    
.   

.   5,      (x - 5) 

.     5      (x - 5)    

.   3,-      (x + 3) 
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:

     
    
    
.´  ª   

.    -2 , 3 , 3 :      

:

 :    
3,3,-2

 
(x - (-2)) , (x - 3) ,(x - 3) :      

( )f x x x x2 3 3= + - -^ ^ ^h h h  

x x x2 6 92 -= + +^ ^h h  x x3 3- -^ ^h h 

x x xx x6 9 2 6 92 2
= - + + - +^ ^h h   

x xx x x6 9 2 12 183 2 2
= - + + - +  

x x x 184 33 2
= - - +  

:    

( )f x x x x 184 33 2
= - - +

-4 , -2 , 1 :          a  5

-4 , -2 , 0 :          b  

.   -1     3         c  

.        b   0     :   d  

 a  , b           e  

.    

.           

.           

x x3 042
+ - =  :   x 1= +^ h  1

y x x3 42
= + -  :        (+1)  2

y x x3 42
= + -  :     (+1)  3

x x3 42
+ -  :      (x - 1)  4
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 ï    

.   
 ï    

.   
 ï    

.

:  
 ï 

Long Division  
 ï 

Synthetic Division  
 ï 

Remainder Theorem  
 ïDividend  
 ïDivisor   
 ïQuotient   
 ïRemainder   

3-4

������� ���� ����
 .            

.        

              
.7

8 56
56
0

-  56   7 , 8   56 8 7' =  :

             
.    

2  42 5 8' =  :
8

5 42
40
2

 

 

 
-

 42    8 5  

.            

.        

2x
x 2x2

2x2

0

-

 .           

.            

x x x2 22
' =   :

x2 2    x , x2  

Long Division   

.             

:

x 4+^ h  x x6 82
+ +  a

x 2-^ h  x x3 122
-+  b

:

.     

  
Dividing Polynomials
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x
x x
2

=  :   a  
     x

x 4+     x x 862
++

x x42
+

- -

              x 82 +

 x x x x4 42
+ = +^ h  :   

x x x x x6 4 22 2
+ - + =^ ^h h  :   

8+    

x
x2 2=  :   

   x 2+
x 4+   x x6 82

+ +

x x42
+

- -

x2 8+
x2 8+ +

- -

0

 x x2 4 82+ = +^ h  :   

   

.   x 2+^ h    

x x x x x2 4 2 84 2
+ + = + + +^ ^h h  :   

x x 862
= + +  

x
x x
2

=  :   b  
     x

x 2-    x x 1232
-+

x x22
-

- +

             x5 12-
 x x x x2 22

- = -^ h  :   

x x x x x53 22 2+ - =-^ ^h h  :   

12-    

x
x5 5=  :   

x x5 2 5 10- = -^ h  :   

     x 5+
x 2-     x x3 122

+ -

x x22
-

- +

x5 12-

x5 10- +
-

2-

 x x5 12 5 10 2- - - = -^ ^h h  :   

2-    

2-   x 5+^ h    

x x x x x5 2 2 2 5 10 22
+ - + - = - + - -^ ^ ^h h h  :   

x x3 122
= + -  

:  1

a  x 2+ x x5 62
+ +  b  x 8- x x2 19 242

- +
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:

     
   n  
     

.   
 n ≥ 1  (n - 1)

:

x 64
3
+ =

x x x0 0 64
3 2
+ + +

.          

         x 4+^ h    
a  x x x3 6 73 2

- -+  b  x 643
+

:

a    x x 22
- -

x 4+    x x x3 6 73 2
+ - -

x x43 2
+

- -

x x62
- -

x x42
- -
+ +

x2 7- -

x2 8- -
+ +

1
0 ≠   

x x x3 6 73 2
+ - -^ h    x 4+^ h  

b  

0
x16 64+

- -

      x x4 162
- +

x 4+   x 643+

x x43 2
+

- -

x4 2
-

x x4 162
- -
+ +

x16 64+

0 =   

x 643
+      x 4+^ h  

.            2

a  x x xx4 6 23 2
'+ + - +^ ^h h b  x x x1 13

'- + +^ ^h h

Using Synthetic Division    

      (x - a)       
            
.              a 
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:

    
    
     
     

:  
x x 33

-+

x x x0 323
-+ +    :

: 

    
   
   

.   

 

:    

x 4+^ h  x x13 123
- +

:

:1 

               

.  

.     

x + 4 x3 + 0x2 -13x +12 x0 2  

-4 1 0 -13 12
   

   
.    :2 

-4 1 0 -13 12 1  

   

1  
(-4)     :3 

.  (0)       

-4 1  0 -13 12 -4  1 

#
-4 0   

1 -4 -4 0  
(-4)  (-4)    :4 

.  (-13)       

-4 1 0 -13 12 -4  -4 

#
-4 16 -13   

1 -4 3 16 -13  
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(-4)  (3)    :5 

.  (12  )       

 

x x4 3- +
2

x x4 23
"-

x x4 13
2

- -

x x4 16
2

! !

4-

4 1 0 13 12

16 12

1 4 3 0

- -

-

-

x3 12+

x3 12"-

x x x x 24 0 13 1
3 2

+ + - +g

0

 -4 1 0 -13 12 -4  3 

# -4 16 -12 12   

1 -4 3 0 -12 , 12 

x2 x4- 3+

 x2 - 4x + 3 :   

( ) .      

.     x 2+^ h    x x x3 6 83 2 -- +      

:

-2  x 2+^ h         

.     

-2 1 -3 -6 8

-2 10 -8
1 -5 4 0

x2 -5x +4  

:   x2 -5x + 4 :  

x x x x5 4 1 42 - + = - -^ ^h h   :

,x x1 4- -^ ^h h    :    �

(x + 2)  x3 - 2x2 - 5x + 6      a   3

.   x3 - 2x2 - 5x + 6   a       b  
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x 3+^ h    x x x2 53 2
+ + -      

:

-3        

.     
-3 1 2 1 -5

-3 3 -12
1 -1 4 -17

x2 x- 4+
 

17-   x x 42
- +  :  

x 1+^ h  x x x4 63 2
+ + -      4

          

 :         

V x x x21 56 363 2
= + + +

.     mx 2+^ h    a

.    

21 m        b

.    

:

x 2+^ h  x x x56 36213 2
+ + +      a

-2 1 21 56 36
-2 -38 -36

1 19 18 0  
  x x 18192

+ +  :  

x x x x18 119 182
+ + = + +^ ^h h :

(m)  x 18+^ h x 1+^ h     
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21 m       b

x 18 21` + =

 x 3=

:    
x 3 41 1+ = + =

x 3 52 2+ = + =

5 m 4 m :    

.      x 3+^ h     (5)   5

.              

:       

h x 72= +  , w x 5= +  , l x 8= +

(cm  ) x    

 cm762 3     

.     x 2=    a

.     b

:

V x x x8 5 2 71 = + + +^ ^ ^h h h     a

V x2
3

=     

V V V x x x x8 5 2 72
3

1= - = + + + -^ ^ ^h h h    

x x x x8 5 2 7 7623
+ + + - =^ ^ ^h h h    

x x x33 171 4823 2+ + =   

2 33 2 2 48217123
+ + =^ ^ ^h h h

?
 :2  x   

482 482=  

.   x 2=   

:     x 2=    

 x 2-^ h    x x x33 171 4823 2 -+ +   

.     x   
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2 1 33 171 -482
2 70 482

1 35 241 0  
( )q x x x35 2412= + +  :  

.x 9 421 .-  , .x 25 58.-2   :  x x35 241 02
+ + =      

.      

.    

cmh 11=  , cmw 7=  , cml 10=  :   2  x   b

:   V x x x4 43 2
= + - -  :         6

.    .    x 4+^ h  a  

.    10 m      b  

 

 ( )f x x x2 82
= - -  :

f 4+^ h   x 4-^ h  ( )f x     a

f 1-^ h   x 1+^ h  ( )f x     b

x 4-^ h    ( )f x   

  x 4-^ h  

  4  

( )f 04 =   

x 1+^ h     ( )f x  

   x 1+^ h  

.    1-^ h  

.       f 1 5- =-^ h  
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( )f a       a  x a-^ h  n 1$    ( )f x     

     

x 4+^ h    ( )f x x x x4 1254 2
= - + +

.     

:
 ( )f x x x x4 1254 2

= - + +

( )f 4 124 4 5 4 44 2- = - - - + - +^ ^ ^h h h    
 256 80 16 12= - - +

 172=

172 =     

.       

  
-4 1 0 -5 4 12

-4 16 -44 160
1 -4 11 -40 172      

       x 1+^ h  ( )f x x x x2 6 5 604 3 2
= + - -         7

.  
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 ï     

.
 ï     

.

:  
 ï  

Possible Rational Zeros 
 ï 

Leading Coefficient  
 ï 

Common Factor  
 ï 

Factorising by 
Division

:  

    
    

TABLE   

CALC   TRACE  

. ZOOM  
   
    

.

   
Solving Polynomial Equations

3-5

������� ���� ����
( )f x x x33 2
= +  :      a

x

y
4
3
2
1

1-1-1-2

-2
-3

-4-5 -3 2 3
 .      ( )x xg 3= +    

:        

x x x3 33 2
+ = +  

.   3   

x

y

32

1

1

2
3
4

-1-2 -1
-2

-3

-3

 :     

-3 , -1 , 1  

:   x x x3 33 2
+ = +    

, ,x x x3 1 1=- =- =  
, ,3 1 1- -" , :    

:      b

( )f x x x x3 33 2
= + - -  

:       

x x x3 3 03 2
+ - - =  -1 x

y

321

3
2
1

-1-1
-2
-3

-3

 .  . a  , b       c

Solving Equations by Factorising    
     (  )         

.     

 ( )  

x2 - 4x - 12(x + 2)(x - 6)

3x3 - 12x3x (x - 2) (x + 2)

3x2 + 5x + 2(3x + 2)(x + 1)

x3 + 6x2 + 11x + 6(x + 1)(x + 2)(x + 3)

            
.   
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.         x x x3 6 9 03 2
-+ =    :    

:
x x x3 6 093 2
+ - =

x x x3 2 032
+ - =^ h  3x :     

x x x3 03 1+ - =^ ^h h  x x2 32
+ -  

, ,x x x0 3 1= = - =    

{1, -3, 0} =  
:

x x x3 6 093 2
+ - = x x x3 6 093 2

+ - = x x x3 6 093 2
+ - =

3 6 00 0 093 2+ - =^ ^ ^h h h
? 3 6 093 3 33 2+ - =- - -^ ^ ^h h h

?
3 6 01 1 193 2+ - =^ ^ ^h h h

?

081 54 27- + + =
? 3 6 09+ - =

?

0 0= 0 0= 0 0=

.      .  x x x4 16 20 03 2- - =  :      a  1

    x x x2 10 083 2
+ + =  :       :    b  

     .              
.      

x x x2 4 013 2
- =   :    

:
x x x2 4 103 2
- =

x x x2 4 10 03 2
- - =      

x x x2 2 052 - - =^ h  
 x2 0=     x x2 052 - =-      

x cb b
a

a
2

42
!

=
- -  x x2 5 02 - - =  :      

x 2
2

1
2 4 1 52!

=
- - -

^

^ ^ ^

h

h h h

 2
2 24!

=

 2
2 2 6!

=

 61 !=

, ,0 1 6 1 6-+ =" ,   
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:        2

a  x x x2 3 53 2
= -  b  x xx 3 03 2

- - =

                
.        

:    
a  x x x3 33 2

+ = +  b  x x x3 6 23 2
- -=

:
a  3 3x x x3 2

+ = +

 3 3x x x 03 2
+ - - =       

 3 3x x x 03 2
+ + - - =^ ^h h

 x x x3 3 02
+ - + =^ ^h h    

 x x3 1 02 -+ =^ ^h h  x 3+^ h    

 x x x3 1 1 0+ + - =^ ^ ^h h h  

x 1 0- = x 1 0+ = x 03+ =   
x 1= x 1= - x 3=-

{-3, 1, -1} =   

b  x x x63 23 2
- = -

 x x x6 23 03 2
- - + =       

 x xx 23 6 03 2
- + - + =^ ^h h   

 x x x3 2 3 02 2
- + - =^ ^h h  

 x x3 2 02
- + =^ ^h h  x 32

-^ h   

 x x x 23 3 0- + + =^ ^ ^h h h  
 x 3=     x 3= -     x 2= -

, ,3 3 2 =- -" ,     

x x x2 4 83 2
+ - =  :     3

118



:  
   

 ï    

:   
y 4=1  
y2 4=  
y3 4=  
   :
   :
   y1  
     
      

: y1    
x x x7 1+ +^ ^ ^h h h

    y2  
: y2   

11 340
  EXE    
     

 .  
 

 

  ´A n a l y s i s ª
 ´G - S o l v e ª

   ´Interceptª

x 20=  , y 11340=

 ́ ª  

           
:  

h x=^ h  l x 7= +^ h 

.(cm)  w x 1= +^ h 

11340 cm3      

:

 V hl w: :=   

x xx11 340 7 1= + +^ ^ ^h h h 

 :  

y 11 3401 = , y x x x7 12 = + +^ ^ ^h h h

x

y

10

4 000

8 000

12 000

16 000

20 30 40

 . CALC      

x 20=  , y 11 340=  

x 7 27+ =  , x 1 21+ =   

27 cm , 21 cm , 20 cm :   

Possible Rational Zeros    

( ) ;...f x a x a x a aa x 0n
n n

n
1

1 0n 1 != + + + +
-

-  :  

        , , ...,a aa 0n 1-n  

:  ( )f x  

an"       b a
0
      a : b

a
.

              
.  

             
.  
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:

    
    
     1

.   (x - 1)

. ( )f x x x x52 63 2
= + + -  :      :

:   

, , ,1 2 63! ! ! !  :  (6)     :

,1 2! !  :  (2)     :

, , , , ,1 2 6 23 2
1 3

! ! ! ! ! !  :       :

:    
a  ( )f x x x5 33

= + -  b  ( )g x x 273
= -

 ........................ :  ........................ :

:       
a  x x4 3 03 2

- + =  b  x x x x33 24 3 2
- + + =

:

x x4 033 2
- + =  :1  a

,1 3! !  :(3)    
1!  :(1)    

,1 3! ! :      
( )P x x x4 33 2
= - +   :2  
( )P 1 1 4 1 3 03 2= - + =^ ^h h  

     1   
( )P x     x 1-^ h  

: x 1-^ h  ( )P x  :  
( )P x x x x4 303 2
= - + +

1 1 -4 0 3
1 -3 -3

1 -3 -3 0  
( )q x x x3 32
= - -  :   

  x x3 3 02
- - =    

x 2
3 21

2 =
+   x 2

3 21
1 =

-  

, ,1 2
3 21

2
3 21- +

=' 1       
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:

.    1  

x x x x3 03 24 3 2
- + + - =  :1  b

,1 2! !  :  (-2)    

 1!  :  (1)    

,1 2! !  :       

( )P x x x x x33 24 3 2
= - + + -    :2  

P 1 1 1 1 3 1 03 24 3 2= - + + - =^ ^ ^ ^ ^h h h h h  

( )P x     x 1-^ h  ( )P x     1   

P 1 1 1 1 3 1 03 24 3 2- = - - - + - + - - =^ ^ ^ ^ ^h h h h h  

( )P x     x 1+^ h ( )P x     - 1   

x x x1 1 12
- + = -^ ^h h   ( )P x  :  

   
  x2 - 3x + 2

x2 - 1    x x x x33 24 3 2
- + + -

x4-              x2-+

            x3+x2+x3 3 2
-

           x3 3
-
+           - x3+

x2 2             2-
x2 2-           2-+

                       0  
( )q x x x3 22
= - +  :   

x x3 2 02
- + =  :   

;x x1 21 2= =  

, ,1 21- =" ,     

.     b  (4)       :   a  4

:        b  
1  x x x4 4 03 2

+ - - =  2  x x x x7 183 274 3 2
- - + =
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.       .       

.          2 cm      :

4x
x

4x

x  .      224 cm3    

 

.          

   
   

 .            

 

   - 4x =  

=  4x - 2  

224 cm3     

.      

 ◊  ◊  =   
 V hl w: :=

 x x x4 2224 = -^ ^ ^h h h

     x x224 4 23 2
= -

.      

 y
1
 = 4x3 - 2x2 , y

2
 = 224 .    

y = 224     

.   

x = 4 ,y = 224

y

x1 3-1
-50

-2

50

100

150

200

2 4 5

 .     x  

4 = x =  = 

x16 44 4= = =^ h  

4cm , 4cm , 16cm :   

 

cm2
1       4   (    )    

7 200 cm3    

.      
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a ≠ 0 , n Z! +  y = axn :      

.   ( ) ( )f f xx- =  , ,x x D6 !-   :  D       

.            

.   ( ) ( )f f xx- =-  , ,x x D6 !-   :  D       

.         

.     (b, a)      (a, b)    

.   , , ...,a a a1 0n n-      n  ( ) ...P x a x a x a x a1
1

1 0n
n

n
n= + + + +-
-    

.            

.          

.    y       

.    y       

.      a         (x - a)  

( )f a      a  (x - a)  n 1$    ( )f x      

     , , ...,a a a1 0n n-   ( ) ...f x a x a x a x a1
1

1 0n
n

n
n= + + + +-
-  , a 0n !     

:  ( )f x     

{an       b a0       :a b
a }
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Exponential and Logarithmic Functions

  :  

   .                :   1
         .   3 400          

.  

.           :  2

 .    :  3

:    4

.           

 .            

. log
.t n1 904 10

13 74
# #= a k :   

.             "n"     "t"   

 

(g)       

 4001 640 ± 30

 1561.5 ± 1.5

 25342 ± 7

 1041.0 ± 1.3

 2501 020 ± 30  

.     a  

        b  

 (c - 14)                   c  
. 19 040       (c - 14)   42 g    .  5 730 ± 40

.                  

         .           :  5
.   

 

  
   

 

 

  

  
 

4-14-24-34-44-54-6
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      .   
      

.

  
 (   )   

•  .       
•  .       
•  .         
•  .      

  
•  .     
•  .     
•  .  e  
•  .    
•  .    
•  .    
•  .   
•  .      
•  .     

 
  -   - e  -   -   -  

.   -   - 

:  
     ( )  
       .43 km2

    20 km   
       .
     .    
 .         
.       

 

       
       
 1973   .     
  ´  ª    
       
       
      
      

.  
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Exploring Exponential Models

 
  ï.   
  ï.   
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  ï  

Exponential Functions  
  ï  

Growth Factor  
  ï  

Decay Factor  
  ï   

Percent of Change  
  ï  

Exponential Growth  
  ï  

Exponential Decay  
  ï  

Variation Factor  
  ï  

Rate of Change  
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 Using Exponential Functions    
                

.   
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.    a
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:
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 b I1= +
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.

.I 2 44 100
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   .b 1 0244=

y abx=         b

.    y 2007    x  

:   
.y a 1 0244 x= ^ h  (2007   )  

y 1 038598=  (2007  ) x = 0 
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=
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.
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  ïReflexion  
  ïTranslation  

   
Exponential Functions and their Graphs

4-2
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 Graphing Exponential Functions     
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Logarithmic Functions and their Graphs
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Logarithmic Expressions 
  ï  

Common Logarithms  
  ï  

Logarithmic Functions  
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Writing and Calculating Logarithmic Expressions  
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... ...log =10 103 = 1 000
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2
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5
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... n1 1 1 1 1 1 Nn1 2 3 4 != = = === ^ h :   :

log 1 11
=

1
, log 1 22
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, log 1 33
=

1
 ... :   

.      log y1  

y R6 ! +  ,   b 1R! -
+
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logy y xbx ,= =
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8
 16  

:
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2 24 3x
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x4 3=     

 x 3
4

=

 log 16 3
4

8 =

:       2

a  log 10010  b  log 279  c  log 32
1

64

:

 log x  log
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 x  :  10     log x

log
10 

4 = log 4 :
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 .   [H+]       
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(Maple Syrup)
     
   ( )
    
    
 .    
   
    
    
     
     
    
    
    
   
 .     
    
   
     

.  

 

 

:

         

 pH = -log[H+]
 6.6 = -log[H+]
 log[H+] = -6.6

 [H+] = 10-6.6

 .2 5 10 7#. -

 pH = -log[H+]
 2.3 = -log[H+]
 log[H+] = -2.3

 [H+] = 10-2.3   

 5 10 3#. -    

.5 10 2 5 103 7
# #2- -   

.           

.      

 (Maple Syrup)         3
.pH = 5.2

Graphing Logarithmic Functions     
.      

  :
, { }x b0 1R6 2 ! -

+

: , ( ) logf f x xR R" =
+

b  :  
b     
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a  ( )6logy x

5
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2
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3
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=
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=

142



.  logy x=
3

     :       5

Translating Logarithmic Functions    
logy x

b
=  :           

.   k    h  logy x
b

=  :      logy x h k
b

= - +^ h  :   

.    logy x 2 3
6
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:

:1 

logy x
6
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x log
6
 x y

6 log
6
 6 = 1 1

1 log
6
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6
1

log 6
1
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6

-1
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1

2
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 logy x
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143



 
Properties of Logarithms

 
  ï.  
  ï.    
  ï.   

:  
  ï  

Multiplication Property  
  ï  

Division Property  
  ï  

Power Property  
  ï 

Sound Intensity  
  ï   

Level of Sound Intensity  

:  
    
  .   
    
     

:   
      a

.GRAPH 

.    b
  EXE    c
.    

:
log m n !+

b
^ h  

,log logm n+ bb
 

     
m n m n#+ =  

4-4

 

.       1

.        

x 1 2 3 4 5 6 7 8 9 10 15 20
log x

  .          2
a  log 3 +log 5 = ... log (3 ◊ 5) = ...

b  log 1 + log 6 = ... log (1 ◊ 6) = ...

c  log 10 + log 2 = ... log (10 ◊ 2) = ...

...log m n# =^ h  :    :  3

  log n
m       :   a  4

log m , log n

m , n            b  

  )            5
  .(   

a  y = log x3      , y = 3log x

b  y = log x-1      , y = (-1)log x

log mk = ...         6

log 1 000          7

 Properties of Logarithms   
:      

 

, , ,m n b b 1Rd6 !+

log log logm mn n= +b b b   

log log log
m mn n= -b bb   

log logm mkk
= bb  , k Rd   
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a  log log8 4-

22
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5 5 5

:

a  log log log log4 4
8 28 - = =2 2 2 2   

b  log log log logy yx x3 b
3

b b b
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 ( )log x y3= b   

c  log log log log log log3 2 4 16 2 2 23 2 4
+ - = + -5 5 5 5 5 5   

 ( )log log2 2 23 2 4
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2 2

4

3 2
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1  log log2 6+5 5  2  log log3 4 3 2-b b  3  log log log4 2 5 103 3
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.            
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x
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a  log log logy
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145



:
log log 33 = 10

c  log logx x
25 25 2

1

= a k

 log x2
1 25
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1
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1
2 5= -^ h  
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1
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3

2
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3 4^ h

:
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b

 3  log b mm
=

b

b 1!     b , m 
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b  .log log0 5 2
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#= -^ ^ ah h k

 .log log logI
I

I
I

10 10 0 5
0 0

= - +^ ah k  

 .log log logI
I

I
I

10 10 0 5 10
0 0

= - -^ ^ ^h h h    

 .log10 0 5-=^ h

 .3 01.

3dB       

       25%           (4)   4
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4-5

 
  ï.   
  ï    

.  
  ï     

.

:  
  ï  

Exponential Equations  
  ï  

Logarithmic Equations  
  ï   

Change of Base Formula 

  
     
     
    
   
    
    

.  

  
Exponential and Logarithmic Equations

  

  F   F kw3
2

=    :
  )        (kg)
  w        k 

.(  

:    

 :      a

:    k = 0.421 F = 145 kg

F wk 3
2

=    F , k    1

 w 3
2
   

w   2

 w 3
2

  F wk 3
2

=      3
           

.     2
3

 15 kg   400 kg      .     b

k   

Solving Exponential Equations    
.      7 493x

=         

    b akx
=  :          

:    x 

, ,a b m 1R R6 ! ! -
+ + " ,

log loga b a b,= =m m

.          

7 20x3
=  :     

:

 7 203x
=

log log7 203x
=       
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log logx3 7 20=   

log
logx 3 7
20

=

.0 5132.    

:

7 203x =

.7 20 00382 20.3 0 5132
. .

^ h   

:             1

a  3x = 4                                b  6x = 21                                c  3x + 4 = 101

.        

.     

:     
a  x 253

2
=  ,  x 02  b  m 325

=  ,  m 02

:
a  x 253

2

=

log logx 253
2

=    

log logx 53
2

2
=

,log logx x3
2

2 5 02=   

log logx2
3
3
2

2
3
2 5=a ak k

log x = 3log 5

log x = log 53   

x = 53

x = 125 ,0d 3^ h
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b  m 325
=

2
5

m 32=

2
5

log logm 32=    

2
5

5log logm 2=

,log logm m2
5

5 2 02=   

log logm 5 5
2

2#=

log logm 2 2=  

log logm 22=

m 22=

, ,m 4 4 0d 3= ^ h

:      2

a  t 1282
7
=  ,   t 02  b  u 5 1143

- =  ,   u 02

.             

  

, , , ,m b c b c1 1Rd6 ! !+

log
log
logm m

b=
c
c

b

log log7 7
log log log log

log7 3 3 3
7

= = =3
2

2

5

5  :

2    log
3
15    log

3
15      

:

log log
logm m

b=
c

c
b

log log
log15 15

3=
3

    

.2 4650.    
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:2    

log log x15 = 23   

. log x2 4650 2.  2.4650  log 153   

. log
logx

2 4650 2=     

. log logx2 4650 2 =^ h   

. logx0 7420 .  

x 10 .0 7420
=     

.x 5 5208.    

.log log15 5 5208` . 23

8      log
3
400   a  3

.log x 2 4650.2  (3)   :   b  

            

                 
.      

2 1723x
=  :  

:

2 1723x
=

( ) ( )log log2 172x3

2 2
=    2   

logx3 172
2

=  

log
logx3 2
172

=     

.x 2 4754.    

7 3 0005x
=   :       4
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y

5
4
3
2
1

1-1 -0.5 0.5 x

y 3
2x

=

y 5=
 .      

 3 52x
=       

y 5=   y 32x=  :    

.(0.732, 5)   

.  0.732     `

 
                  

.   

.2006  65         1990  112  

 .        a

     5            b

.    
:

.y ba x=      a

16  2006    1990   

 ba112 0
=  112  y  0  x   

 a 112=  b 10
=

  y b112 x=

 b65 112 16
#=  65  y  16  x   

 b 112
6516

=

 log logb 112
6516

=     

log logb16 112
65

=

 .logb 0 01476904.-    
 .b 0 96656476.

  ( )( . )y 112 0 96656476 x=

y = 5  b
y

x

6
5

4
3

2

1
y = 112 ^ (0.96656476)x

y = 5

25

(91.79, 5)  

50 75 100 125 150175 200

 ( )( . )y 112 0 96656476 x=  

( )( . )5 112 0 96656476 x=  

x 92.   

1990 + 92 = 2082  
.2082    5      

.      
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Solving Logarithmic Equations    
:            

log y x=b           , ,y b b 1R6 !! +  

.      (  )           

log x3 1 5+ =^ h     :  

:

x x3 1 0 3
1

&2 2+ -  :  

,3
1
3- =b l    

log x3 1 5+ =^ h

 x3 1 105+ =     

 x3 1 100 000+ =

 x 33333=  ,33 333 3
1
3! -b l 

.    

log x7 2 1- =-^ h  :   5

.            

log logx2 3 2- =  :  

:

x 02  :  

,0 3 =^ h    

log logx2 3 2- =

 log
x
3 2
2

=c m    

 x
3 10
2

2
=     

 x 3 1002
#=

 x 10 3!=
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 , ,10 3 0 0 313! -^ h   ,0 3^ h

x 10 3=  :   

log log x6 3 2- =-  :   6

:          

a  log logx x 1 2+ =^ h

b  log log logx x x1 13- - + =2 2 2^ ^ `h h j  ,  ,x 1d 3^ h

c  log 32 5x 1 =+  ,  ( , )x 0d 3

:
a  x x 1 02+^ h     :  

( )x x 1 0+ =   

x 1=-   x 0=  

( )x x 1 02+     x  
x
x

x x
x x

0

0

1 0 1

1 0 1

&

&

1

2

1 1

2 2

+ -

+ -

x

x - - +
x 1+ - + +

x x 1+^ h + - +

-1 0

0
0

0

0

3- 3+

,1 0R - - =6 @  

 ( )log logx x 1 2+ =

 ( )x x 1 2+ =   

 x x 2 02
+ - =

( )( )x x1 2 0+- =

 x 2-=   x 1=

, [ , ]1 2 1 0Rd- - -

,1 2- =" ,      
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b  ( ) ( )log log logx x x1 3 1
- - + =

2 2 2
` j , x   ( , )1 3

 log logx
x

x3
1 1

+
-

=2 2` `j j  

 x
x

x3
11

+
-

=   

 ( )x x x1 3- = +   
 x x2 3 02

- - =

 ( )( )x x3 1 0- + =

 ,x x1 3=- =+

 1-   ( , )1 3  

 3   ( , )1 3

3 =" ,      `

c  ,log x32 5=x 1+   ( , )0 3

 
log

log

x 1

32
5

+
=

^ h
   

 ( )log log x32 15= +   

 ( )log log x32 1 5
= +    

 ( )x32 1 5
= +

 ( )x2 15 5
= +

 x 1 2+ =

 x 1=

 ( , )1 0 3!

1 =" ,      `

:        7
a  ( ) , ,log logx x x x1 12 2 d 3-- = ^ h

b  ( ) ( ) , ,log log log logx x x6 12 2 4 4d 3+ -- = -4 4 4 4 ^ h
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 4-6 
Natural Logarithm

 
  ï     

. ey x
=

  ï   
.   

:  
  ï  

Natural Logarithm  

  

.e 2 71828.       (4-2)  

.    

y = log
e
 x    y = ex 

:     

 
y

x

4

4 5

3

3

2

2

1

1-3

-3

-2

-2

-1
-1

lny x=
ey x

=

y
x
=

 y = ln x

 x     y 

:     

 1  ey x=

 2  lny x=

:      ln    :  
a  ln5,  ln3,  ln15,  ln5 + ln3

b  ln1,  ln e,  ln e2

     

.        

.           

. , ,k m n   R+     

1  ( ) ......ln mn =  ( .............. )

2  ......ln n
m
=  ( .............. )

3  ......lnmk =  ( .............. )

4  ......ln e =

5  ......ln ek =

6  ......eln k =

158



e8 202x
=   :    

:

 e8 202x
=

 e 8
20x2

=  8    

 .ln lne 2 5x2
=      

 .ln lnex2 2 5=  ln e = 1   

 .lnx2 2 5=  

 .lnx 2
2 5

=  2    

 .x 0 458.    

.e 32( )x4 1
=

+  :     1

.             

  

    7.7 km/s        300 km         :
 v = -0.0098 t + c ln r  :   (v)

    c (s)        t )

.(              r (km/s)  
    25            

      100 s   2.8 (km/s)

:

t = 100 s    ,   c = 2.8 km/s    ,   r ≈ 25   :   

v = -0.0098 t + c ln r :       v 

 v = -0.0098 (100) + 2.8 ln 25

 _ . . ( . )0 98 2 8 3 219. +

 km/sv 8` .

.      7.7km/s     

.         
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:
log

e
 x = ln x

    15       (2)   2
          30s    1.2km/s

   300km 

.          

ln x3 5 4+ =^ h   :  

:

x x3 5 0 3
5

&2 2+ -  :  

,3
5
3- =b l   

 ln x3 5 4+ =^ h

 x e3 5 4
+ =      

 x e3 54
= -     5 

 ex 3
54

=
-a k 3    

 .x 16 53.    

:      3

a  e 7.2 9.15
2x

+ =  b  ln
x

5 3
2

7+
+

=b l

.e7 2 5 132x
+ =      

:

7e 2.5 132x + =

 7e 10.52x =     2.5 

 e 1.52x =  7    
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 (e) 1.5ln ln2x =      

 2 1.5ln lnex =  ln e 1=    

 .lnx 2
1 5

=  2    

 .x 0 2027.    

:       4

a  e 301x
=

+  b  2 4 72 3x
+ =

-
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         360         2000   
.   2 260  2011

.      y 2000     P    m    x  a

.2000            ey P mx
=  :     

.  x     :y  

 .2000    :P    :m  

         b

  3       c

.y  x   d

c  b     d       e

:

ey P mx
=  :      a

.2011  2000             

 e2 260 360 11m
=  11  x  360 P  2 260  y 

 e360
2 260 11m

=  360    

ln lne360
2 260 11m

=       

ln m360
2 260 11=  

 
ln

m 11
360
2 260

=
` j

 11    

 .m 0 167=        

.16.7%         

ey 360 0.167x
=  :    

ey 360 0.167x
=  b

e360 10000.167x 2

e 360
10000.167x 2

. lnx 360
10000 167 2

. .
ln

x 360
1000

0 167 6 117672 .

.   1.159          2007  
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ey 360 0.167x
=  c

e360 3 0000.167x 2

. .
ln

x 360
3

0 167

000
12 69618882 .  

.   3.156    2013    3     

 ey 360 0.167x
=  d

 e
y
360

0.167x
=  360    

 ( )ln ln e
y
360

0.167x
=` j       

 .ln
y

x360 0 167=` j  

 .x
ln
y

0 167
360

=
` j

 0.167    

               c  b   y   e

.

.2007    6      . .
ln

x0 167
360
1000

6 12& .
` j

 b

.2013    12      . .
ln

x0 167
360
3 000

12 7& .
` j

 c

 
  2011        750       2000   

.   5.6      

.2000      x  a

.2000           ey P mx
=  :     

.  x     :y  

.    :m  

.2000     :P  

 2          b

 9          c

.y  x  d

c  b      d       e
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ey x

=  
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•  y abx=  :    
•  b      b 12

•  b      b0 11 1

•  a   , b   , c :           y abcx=

•  y bx=   log y x=b

•  b  y  log yb  
•  .   b 02  b 1!          bx    b 
•  log y x=b      bx  x
•  log y  log y10     10     
•  .      
•   
•  b 1!  m ,n ,b    

log log logm n m n= +b b b   

log log logn
m m n= -b b b   

,log logm m kk Rk !=b b   
•  .    ba cx

=      
•  , , , log loga b m a b a b1R R m m,d d6 - = =

+ +
" ,

•  m   , b   , c             

b 1!  , c 1!   

log log
log

m b
m

c

c
=b

 .e 2 71828.

 e xln x
=

 lne xx
=

 lne 1=
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:  

 .                 :   1
.           

.           :  2

.            

.  (Data Show)       :  3

-1

y

x
-1

-2 40∫

   

1

1

2 3 4 5 6

 :    4

.850 km/h         

  50 km/h        
.     40∞

.             a  

.       b  

                     c  
.       

    .                  :  5

.     (Data show)      
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Vectors
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 William Hamilton     
     .    
    ´Vectorª   1843 

.´  ª   

 (1786 - 1899)    
      ´Chevreuilª
 r  b  :     

:g 

0mgb mb r mr g1 2 1 2 1 2+ + =

      b, r, g 
.m  

   (   )   
•  .    
•  .     
•  .   
•  .    

  
•  .
•  .     
•  .   
•  .  ( )  
•  .  
•  .     ( )    

o

r

g
b

  ob  , or      
. og     

 

  -   -   -    -   -   -   - 
  -   -   -   -   -   -    - 

.    -   - 
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� ��� ������
.        

C

DB

FA E

 .       1

:  2

. ...  ...  ...  ...  B  A     a  

B  F  ..  ...  ...  ...     b  

. ...  ...  E  F  ...  ...     c  

A , B     a  2    3

    F  B  B  E       4

F  E

   
 Scalar Quantities and Oriented Quantities  

:    

.         :( )  

.  -  -  -  -  -  :

30 cm    :

.        :  

.  -  -  -  -  :

         60 km/h       :
Q

P

PQ

 .             

.Q   P    PQ   

PQ     PQ   

 .Q   P     

.Q  P   PQ  

 PQ    QP   

.P  Q      

 
 ï.  
 ï.  
 ï.   
 ï.
 ï.  
 ï.  
 ï    

.

:  
 ïx-axis   
 ïy-axis   
 ï 

Scalar Number  
 ï 

Oriented Segment  
 ï 

 Position Vector  
 ï  

Two Equivalent 
Oriented  Segments

 ïVector  
 ï 

Length of the Vector  
 ï 

Opposite Vector  

  
The Vector in the Plane

5-1
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PositionVector   

M(x, y)

xO

y

      OM   

(x , y)    ´  ª  M (x , y)

     AB

x

y

,A x yAA^ h

,x yBB^ h

,M x x y y- -B A B A^ h

B

O

 ,A x yA A^ h , ,B x yB B^ h 

OM        

,M x x y yB A B A- -^ h 

A(2, -1), B(7, 3), C(4, 2), M(3, -2)  :

BA  , BC  , CA  :          a

 E   AE     OM      b

:

1

1

2

2
O

C
B

E

A

M

3

3 4 5 6 7

y

x
-1

-1

-2

-3

 :  AB     a

, , ( ) ( , )x x y y 7 2 3 1 5 4BB A A- - - - -= =^ ^h h  

:  BC     

, , ,x yx y 4 7 2 3 3 1C B C B- - = - - = - -^ ^ ^h h h  

:  CA     

, , ,x x y y 2 4 1 2 2 3A C A C- - = - - - = - -^ ^ ^h h h  

E  (x , y)   AE   ,3 2-^ h   b

,x y2 1- +^ h :  AE       

, ,x y2 1 3 2- + = -^ ^h h

x x
y y
2 3 5

1 2 3

(

(

- = =

+ = - = -
)   :    

( ),E 5 3` -
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( , ), ( , ), ( , ), ( , )A B C D1 3 2 2 2 3 2 1- - -  :  1

AB , BD  :          a  

K    .KD     DC    b  

Two Equivalent Oriented Segments    

          

1

1

2

2 3 4 5

y

x
A

C
O

-1

D

B
M

 .       

.    OM     AB  , CD     

     ABDC     AB  , CD     

.     , , ,A B C D 

1

1

2

2

3

3

y

x

4

4-2 -1

Q

P

 PQ    PQ        
 PQ         PQ1 2    

.

.           

 

.             

M      ,M x yM M^ h    OM   

,M x yM M1 2=    

M    xM  , yM  

M   ( )   yM  ( )    xM
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1

1

2

2
3

-1
-1

-2

-2
-3
-4

y

x

PK

L

  . K(-2, 3), L(2, -4), P(0, 3)  

KL1 2  , PK1 2  , LP1 2  :     

:

, , ,KL x x y y 2 2 4 3 4 7L K L K1 2 1 2 1 2 1 2- -= - - = - - = -^ h

7- =    4 =     

, , ,PK x x y y 2 0 3 3 2 0K P K P 1 2 1 21 2 1= - - = - - - = -2

0 =    2- =     

, , ,LP x x y y 0 2 3 4 2 7P L P L2 21 1 1 2 1 2= - - = - - - = -^ h

7 =    2- =     

F(5, 13), E(3, 11), D(-2, -7)   2

EF1 2  , ED1 2  , DE1 2  :       

Length (Magnitude) of a Vector and its Direction    ( ) 

U     ( )  U ,x y1 2=   

y

x

,

u

x
y

1
2

=

u x y2 2
= +

y

x

 U x y2 2
= +  :  

            U    

0 360º º1#  

:        

180

180

360

º
º
º

=
-

+

-

Z

[

\

]]

]]
    

,

,

,

,

x y
x y
x y
x y

0 0

0 0

0 0

0 0

2 2

1 2

1 1

2 1
tan x

y
=  :     
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:
     
    

.

    
   

 
180

=

  

.  

:   
     :
tan

2
3

=   

:  

 shift   tan     

tan-1     

  =   
2
3   :  

   
56.30993247

  , ,,  :  
 

56o18'35.76"

y

x

,

u

x y
1

2

=

x

y

,

u

x y
1

2

=

,x y0 0 180ºa `1 2 = -,x y0 0a `2 2 =

,

u

x y
1

2

=

y

x

,

u

x y
1

2

=

y

x

,x y0 0 360ºa `2 1 = -,x y0 0 018 ºa `1 1 = +

      ( )         
.(   ) .      

a  u =  <2, 3>   b  v 1=  - ,2 2 2

c  w =  <1, -3>   d  t =  <-3, -1>

:

a  ,u 2 31 2=

 u 2 32 2= +^ ^h h

 13=  units 

1

1-1

y

x

2

3

2

u

    u         
.     

tan x
y

2
3

2
3

= = =  

.56 18 35 76c. l ll   

,x y0 0a `2 2 =

.56 18 35 76` c. l ll
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b  ,v 2 21 2= -

 v 2 22 2= - +^ ^h h  6=  units 

     v          1

-1-2

y

x

2

3

v

    

tan x
y

2
2

2= =
-

= +  

.54 44 8 2` c. l m   

,x y0 0 180ºa `1 2 = -

.125 15 51 8` c. l m

c  ,w 1 31 2= -

 w 1 3 2= + -^ h  10=  units 1
-1

-2

-3

y

x2

w
     w         

   

tan x
y

1
3
3= =

-
=

.71 33 54 18` c. l m

,x y0 0 360a ` c2 1 = -

.288 26 5 32` c. l m        

d  ,t 3 11 2= - -

 t 3 12 2= - + -^ ^h h  10=  units 

-3
-1

1

-2 -1

y

x
t

     t         

   

tan x
y

3
1

3
1a = =

-
-

=

.18 26 5 82` c. l m

,x y0 0 180a `1 1 = +c

.198 26 5 82` c. l m

                      3

.  

a  ,m 2 21 2=     b  ,n 1 21 2= - -

c  ,p 2 31 2= -     d  ,q 1 41 2= -
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:
y
1

3 x

M

    ,u x 01 2=   1

,M x 0^ h  ,O 0 0^ h   

.   x   

y

1 x

       x 02    
  0=      
      x 01   
. =       

y

1 x

2

N

     ,v y01 2=   2

,N y0^ h   

.   y   

      y 02    
    

   y 01     . 2=   
      

y

1 x

2
3

2
3

=     

. 0             ,0 01 2   3

The Unit Vector   

:           ,x yU 1 2=  

x yU 12 2
= + =

-1

-1

1

1 x

y   ,5
4
5
31 2  ,011 2-  ,0 11 2  ,011 2  

.  

:

  ,i 1 01 2=  
    

.   

  ,j 0 11 2=  
    

.   

:
   A  
.   AA  
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.   u    y   ,yu
5
2 21=   

:

:    u  

u x y 12 2
= + =

 y
5
2

1
2

2
+ =c m

 y5
4

12
+ =    

 y 1 5
42

= -

 y 5
12

=

y 1
5

` =     y 1
5

=
-

.   v    x   . 12,v x1 2=
13

   4

Two Equal Vectors   

A A, , ,A x y B x y1 2 1 2= = B B  :
,A B x x y yA A B,= = =B   

.         

. OPRS1 2 1 2=  :      O(0, 0)   , P(3, 4)   , R(-4, 2)   , S(-1, 6)  

:

:        

S
, , ,x x y yRS 1 6 2 3 44

S
1 2 1 2 1 21 2 -= - - = - - - =RR ^ h

, , ,OP x x y y 0 4 0 3 431 2 1 2 1 2 1 2= - -- - = =P O P O

    

OPRS1 2 1 2=  :    

CDAB1 2 1 2=  :      ( , )A 0 1 , ( , )B 1 3 , ( , )C 3 6 , ( , )D 4 8    5
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.   x , y  ,A x y2 1 3 11 2= + - , ,B 3 21 2=   

. A B=    x , y  

:

, yBA x2 1 3 3 1 2(= + = - =

x x x2 1 3 2 2 1( (+ = = =

y y y3 1 2 3 3 1( (- = = =

,x y1 1` = =

.   x , y   ,A x y2 3 4 11 2= - + - , ,B 1 31 2= -    6

. BA =    x , y   

The Opposite Vector   

v

u

y

x

 

  u      ,v a b1 2= - -    ,u a b1 2=   

  .        

  AB1 2      BA1 2  

  AB1 2  = BA1 2-

.   a  :    

 .   b  
:

.  LG  , CD       a
-1

3

3 4 5

2

2

1

1

y

x

A E

HL

G

BC

D

 G, L, D, C         

LG1 2  , CD1 2        
, , ,C D1 1 2 3a ^ ^h h

, ,x x y yCD 1 2` 1 2 1 2 1 2= - - =D C D C

, , ,L G3 1 4 3a ^ ^h h

, ,LG x x y y 1 2` 1 2 1 21 2= - - =G GL L

CD LG` 1 2 1 2=
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:
   k  

.k  

:   

:

:

:

k

k k

k

k k

0

0 0

0

2

1

= =

-

*

 

.  HE1 2  , AB1 2      b

. a       

, , ,A B1 3 2 1a ^ ^h h

, ,x x y yAB 1 21 2 1 21 2= - - = -B A B A

, , ,E H3 3 4 1a ^ ^h h

, ,HE x x y y 21` 1 2 1 2 1 2= - - = -H HEE

 HE1 2      AB1 2    

.  HE1 2  , AB1 2      

. ,1 21 2    u      7

  u     u      A(2, -1)    
.

Multiplying a Vector by a Real Number      

k R*!^ h     k    u

ku       k  u     

,,u x y ku kx kya `1 2 1 2==

:
•  .   ku 0=   0k =   u 0=   
•  k 02      uk  , u   

k 01    u      uk   
•  . ku k u=  :  uk  , u      

x

y

ku

u

x

y

ku

u

k 01k 02
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  k           AB1 2  ,  CD1 2      1
AB k CD1 2 1 2=

  k           AB1 2  , CD1 2      2

AB k CD1 2 1 2=

AB k AC1 2 1 2=   k            A, B, C   3

:  ,A 1 21 2= -   

a  A2    b  A-    c  . A0 5

:

a  , ,A2 2 1 2 2 2 41 2 1 2= - = -^ ^h h

b  , ,A 1 2 1 21 2 1 2- = - - - = -^ ^h h

c  . . , . . ,A0 5 0 5 1 0 5 2 0 5 11 21 2= - = -^ ^h h

:  ,B 3 21 2= -    8

a  B3    b  B5-    c  B2
3

 

.    ( , ) , ( , ) , ( , )A B C2 3 2 5 10 1- -       

:

 21k AB        AB         A, B, C    
.     k 

, ,AB x x y y 2 2 5 31 2 1 21 2 -= - - = - -A AB B

 ,4 21 2= -

 AC1 2      

, ,AC x x y y 10 2 1 31 2 1 21 2= - - = - - -A AC C
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 ,8 41 2= -

AC BA2a 1 2 1 2= -

AC k BA1 2 1 2=    

.    A, B, C   

 

.    ( , ) , ( , ) , ( , )K L M0 1 2 3 2 5- - -        9

 ABC

A B

C

 CACC 311 2 1 2=   CC1 21   a

AB AB211 2 1 2= -   AB1 21   b

:

CC CA311 2 1 2=  a

  k 3=    

.    CA1 2  CC11 2    

   , ,C A C C CA1 ' d1        C  

A
B

C

C
1

 CC CA31 =    C1   CA    

CA1 2     CC11 2   

2AB AB11 2 1 2= -  b

  k 2= -    

   AB1 2  , AB11 2    

  A   

B BA1 !    
A B

C

B
1  k 2=   

AB AB21 =    B1   BA    

AB1 2      AB11 2   

BA

C

 AD A B31 2 1 2=   DA1 2    ABC  10

BH BC2
31 2 1 2= -   BH1 2    
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Addition and Subtraction of Vectors

 
 ï.  
 ï.  
 ï.   
 ï     

.  
 ï.  
 ï    

.

:  
 ï 

Adding Vectors  
 ï 

Chasle's Relation  
 ï  

Parallelogram Law  
 ï 

Vector Components  

:
 

Michel Chasles  

    
:    

22 1=2 1+ ACBCAB1

5-2

������� ���� ����
.    MB  MA       M

   M    
A

M

B

 .MC    AMBC     1

AMB     M     2

.     AMBt        

  .MC   AMBC    

MB    M     3

.     MB       

  .MC   AMBC    

Adding of Vectors Geometrically    

A B  . A  , B

.A B+  :

•  
A

N

M

L

A B+

B

  

   LM1 2      L  
 MN B1 2=    MN1 2   LM A1 2=

B N NA LM M L1 2 1 2 1 2+ = + =  

.   L NM M LN1 2 1 2 1 2+ =  :        

•  

B

A

A B+

N

M

L

C

   

  LM1 2      L  
   LC1 2   LM A1 2=  

LC B1 2=

         N
.MLCN

A B CML L1 2 1 2+ = +  
M MNL1 2 1 2= +   C MNL 1 21 2=  

LN1 2=    
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B CAM A A1 2 1 2 1 2= +   M   a  :  .  ABC

 L B BCA A1 2 1 21 2= +   L  b  
B

C

A

B

M C

A

 :

AM A AB C1 2 1 2 1 2= +  a

   A B1 2  , A C1 2   

BACM       M   

  b

A A AL C CB B1 2 1 2 1 2 1 2= + =  

  A L1 2  = A C1 2  

  L C=  

MB BA BC1 2 1 2 1 2= +    M a   :  .  ABC  1

BN BC CA1 2 1 2 1 2= +   N  b  

A

CB

 BL BCAC1 2 1 2 1 2= +   L  ABC  
.    

:

A

C

LK

B
 BK AC1 2 1 2=   BK1 2  

BL AC BC1 2 1 2 1 2+=    

BL BK BC1 2 1 2 1 2= +  

   BC1 2  , BK1 2    

      

A

CB

 CBKL   

BL AC BC1 2 1 2 1 2= +  

L ACd    

BN BA CA1 2 1 2 1 2= +   N  ABC   2

181



Properties of Adding Vectors in the Plane       

  A , B , C    

  A B B A+ = +      

  A A A0 0+ = + =  0    

  A B C A B C A B C++ + = + + = +^ ^h h      

  A A A A 0+ - = - + =^ ^h h    

  A C B C A B&+ = + =   

  K A B KA KB+ = +^ h        

:  .  ABC

a  L C BA CBA1 2 1 2 1 2= + +   b  K B CA BC ABA1 2 1 2 1 2 1 2= + + +

:
a  L AC BA CB1 2 1 2 1 2= + +

 B BAC A C1 2 1 21 2= + +^ h   

 BA AC CB1 2 1 2 1 2= + +^ h   

 BC CB1 2 1 2= +   

 BB1 2=   

 0=    BB

b  K AB CA BC AB1 2 1 2 1 2 1 2= + + +

 AB CA BC AB1 2 1 2 1 2 1 2= + + +^ ^h h  

 CA AB AB BC1 2 1 2 1 2 1 2= + + +^ ^h h  

 CB AC1 2 1 2= +   

 AC CB1 2 1 2= +   

 AB1 2=   

:  .  ABCD  3

a  AB CD BC1 2 1 2 1 2+ +    b  AD CA BC DB1 2 1 2 1 2 1 2+ + +
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Adding Two Vectors Algebraically    

         , , ,x y B x yA
A B

1 2 1 2= =A B   
BA +     ,x y yx

A A
1 2+ + BB  

,B x y yxA
A A

1 2+ = + + BB  :  

:  ,A 2 31 2=  , ,B 1 51 2= -   
a  BA +      b  BA2 3+

:

a  ,B x y yxA
A A

1 2+ = + + BB

 , 52 311 2= + - +^ h

 ,1 81 2=

b  , ,B x y x yA2 2 33 2 3
A A B B

1 2 1 2+ = +

 ( ) , ( ) ( ) , ( )2 2 2 3 3 1 3 51 2 1 2= + -

 , ,4 6 3 151 2 1 2= + -

 ,4 3 6 151 2= - +

 ,1 211 2=

.  , , ,BA 4 2 7 51 2 1 2= - = -    4

a  A B+      b  3 5A B+

Subtracting Vectors   

B      A    A    B      

B BA A- = + -^ h  :
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AB AC CB1 2 1 2 1 2- =  :   .  ABC
:

AB AC AB AC1 2 1 2 1 2 1 2- = + -^ h   
 AB CA1 2 1 2= +  CA AC1 2 1 2=-

 CA AB1 2 1 2= +   
 CB1 2=   

:  .    ABCD  5

a  AB CD AD CB1 2 1 2 1 2 1 2+ - -  b  AB AC BC AD1 2 1 2 1 2 1 2- + +

Difference of Two Vectors Algebraically     

:      , ,,x x yy BA A BA B1 2 1 2= =   

,B B x x y yA A A B A B1 2- = + - = - -^ h

:  ,A 5 121 2=  , ,B 11 71 2=   
a  BA -     b  BA4 6-

:
a  A B x x , y y1 2-- = - A BA B

 ,5 1211 71 2= - -

 ,6 51 2= -

b  
A A

4 4 4 6 , 66 ,A B x y x yB B1 2 1 2- = -

 ( ) , ( ) ( ) , ( )4 5 4 12 6 11 6 71 2 1 2= -

 , ,20 48 66 421 2 1 2= -

 ,20 66 48 421 2= - -

 ,46 61 2= -

:  . ,A 3 01 2= - , ,B 5 91 2= -    6

a  A B-     b  A B3 4- +
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Y

N K
 

 ( )   

    (Y )         
    K         .   

N     

              
   (Y ) 

:

.   Y     m1 , m2   

Y

O

E

m1

m2

K-

N-

.     Y O   N-   K-    Y 

E    YO  

.    (Y)     E          

 .        :    7

      

Expressing a Vector in Terms of the Two Basic Unit Vectors  

•   (1, 0)          ,i 1 01 2=   
 ´ (x -axis)       ª

•    (0, 1)          ,j 0 11 2=   
´ (y -axis)       ª
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:   ,i j      ,A x yO 1 2= A A      
A x i y jO = +A A  

, ,x i y j x y1 0 0 11 2 1 2+ = +A A A A

, ,x y0 01 2 1 2= + AA  
,x y1 2= A A  

AO=  

:   ,i j    ,A x yO A A1 2=   
A x i y jO = +A A  

y

A

x

y

x

3

3

2

2

1

1-1 O

j

i  u x i y j= +    ,i j    ,u x y1 2=   
OM i j5 6= +    ,i j    ,OM 5 61 2=  :  

-1
-1

1

1

-2

-2

2-3

-3

-4-5
OCA

B

x

y

j i
 

        A(-5, 1),  B(2, -3),  C(-1, 0) :  
.O  

i  , j      OA , OB , OC     

:

 ,A OA i j5 1 5a ` 1 2- = - +^ h    

 ,B OB i j2 2 33a ` 1 2- = + -^ ^h h   

 i j2 3= -

 ,C OC i j1 01 0a ` 1 2 +- = -^ ^h h    

 0i= +-

 i= -  A O A+ =

A(3, 4),  B(-2, 5),  C(-4, -1) :   8

. i , j      , ,OA OB OC1 2 1 2 1 2  :     
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5-3

 
 ï.  
 ï     

.
 ï.  
 ï.  

:  
 ï 

Scalar Product  
 ï   

 Measure of Angle 
Between Two Vectors

 ï 
Unit Vector  

:
   ,m A B^ h

    
,A B

:
cos =  

 
Scalar Product

������� ���� ����
:   

4

3

H

A
B

3

2

2

1

1O-1 x

y

 AO  , OB   a

         b

, BOA O1 21 2

cosA BO O# #  :      c

AO   OB   HO   AO   BH    d

. c       A HO O#    

     ,BA^ h   ,BA     
,C BDA^ h  ,C BDA 1 21 2  

Scalar Product    
A , B        

         A B:        
.    

cosA B A B A, B: # #= ^ h   ,   ,m BA0 180ºG #c ^ h  :  

,u 3 01 2=  , ,v 3 31 2=   

.u v:  

2 3 41 x

y

u

v
1

2

3

 :

,cosu v u v u v: # #= ^ h

( ) ( )u 3 0 32 2
= + =  units 
( ) ( )v 3 3 18 3 22 2

= + = =  units

,cos u v
3 2
3

2
2

= =^ h  45∞      

u v 2
2

3 3 2` : = ^ ch m 
 9=

u v:   ,, ,u v0 2 2 21 2 1 2= =    1
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4

C B

A

M

4  :  BC   M .    ABC

 a  ABAC :  b  MB MC:  c  CM CB:

:

a  ,AC AB AC AB AC ABcos: #= ^ h   
 cos4 4 60# # c=  

 4 4 2
1

# #=

 8=

    M  BC  b

MB MC 2= =   
  ,cosMB MC MB MC MB MC: #= ^ h   

 cos2 2 180º# #= ^ h 
 4= -

c  ,cosCM CB CM CB CM CB: #= ^ h   
 cos2 4 0º# #= ^ h 
 8=

B

A

C

O

E

D

F

 

:  1 cm     O       ABCDEF  2

 a  OA OD:  b  OA OB:  c  CB EF:

d  AB DE:  e  OB OF:

    , , ,A x y B x y1 2 1 2= = B BA A   

.. .A x x y yB += B BA A   

 2 2 2
yA A x A: = + =

A A
    ,A x y1 2= A A  :  

(1) 

  ,A B0 0! !    A BBA 0, := =
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. ABC    ,A 2 3- -^ h, ,B 1 1^ h, ,3 1C - -^ h  
. i  , j     AC1 2  , BC1 2      ax

y

-3

-3

-2

-2  -1
-1

1

1

O
B(1, 1)

C(-3, -1)

A(-2, -3)

 BCA C:1 21 2    b

Ct    ABC    c

:
a  , ,C A 2 3 3 1 1 21 2 1 2 1 2= - - - - - - = -^ ^h h

 C A i j21 2= -   
 , ,C B 1 3 1 1 4 21 2 1 2 1 2= - - - - =^ ^h h

 C B i j4 21 2= +   
b  CA CB 1 4 2 2 0: # #1 2 1 2 + -= =^ h    
c  C CA B 0a :1 2 1 2=

 C CA B` =1 2 1 2

CW    ABC   90∞  C A^  CB h   

( , )A 6 1- , ( , )B 3 2 , ( , )C 2 1     3

i , j     BA  ,B C      a  

BA BC:    b  

BW    ABC    c  

y   A B=   ,A 2 31 2= - , ,1B y1 2=   

:
  BA =

  BA 0: =

 x x yy 0A B BA: :+ =

 y 02 1 3- + =^ ^ ^ ^h h h h

 y 02 3- + =

 y 3
2

=

 x   BA =   ,A 3 11 2= - , ,B x 21 2= -    4

189



(2) 

,A B0 0! !     AB k BA ,' =

A B x y x y, :' -A BB A  :

, , , , ,A B A x y B x y0 0 1 2 1 2! ! = = B BA A   :

,, ,BA 7 5 14 101 2 1 2= - = -   A B'  :   a

y   ,A 6 81 2= -  , ,B y21 2=   A B'    b

:
a  ,x

x
y
y

14
7

2
1

10
5

2
1

=
-
=
-

=
-

=
-A A

B B
 :  

 B k BA A2
1
(` = - =

 BA` '

( )( )x y x y 7 10 14 5 70 70 0A B B A #- = - - - = - =: :   :  
BA` '  

b  BAa '  :  
 k BA` =

 , ,k y6 8 21 2 1 2- =

 ,k ky21 2=

 k k6 2 3(` = =

 ky y y8 8 3 3
8

( (- = - = = -

:  
 x y x y 0A B B A- =: :

 ( )y
y

y

6 2 8 0

6 16 0

6
16

3
8

-

- - =

=

=
-

=
-

,, ,A B3 2 6 41 2 1 2= - = -   BA '  :   a  5

 x  ,, ,xA B3
7
3
2

5
41 2 1 2= =   BA '    b  
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Properties of Scalar Product    

.   k       A , B , C

  A AB B: :=   

  A Ak B k A B k B: : := =^ ^ ^h h h        

  A AB C A B C: : :! !=^ h       
  

A 3= , B 2= , BA 3: = -      A , B

B BA A4 3 2:- +^ ^h h  

:

4 3 2A AB B:- +^ ^h h

4 4A A A B B A B B2 3 3 2: : : := + - -   

4A A A B B A B B8 3 6: : : := + - -   

A A A B A B B B4 8 3 6: : : := + - -   

A A B B4 5 62 2
:= + -  A A A

2
: =

4 3 5 3 6 22 2
# # #= + - -^ h  

36 15 24= - -

3= -

, , AA B B3 4 5:= = =      A , B  6

A AB B3 2 3:- - +^ ^h h   
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Measure of Angle between Two Vectors     

A  , B        

,, ,A x y B x yA A B B1 2 1 2= =  

:A B:     

M
N

L
B

A

y

x

 A x x y yB A BA B: = +   (1)

,A A AcosB B B: := ^ h  (2)

,A B A Bcos x x y yA BA B` : : = +^ h  

,A B
A B

cos
x x y yA BA B

`
:

=
+

^ h  

:  A 0!  , B 0!    ,A B   

,A B
A B

A B
cos

:
:

=^ h  , ,A Bm0 180º# #c ^ h

A 5= , B 6= , BA 15: =   

,A B^ h   

:

,cos A
A
AB B

B
:
:

=^ h    ,   ,Am B0 180º º# #^ h  

 5 6
15

2
1

#
= =  

,B cosAm 2
1

601` c= =
-^ ah k

A 3= , B 2= , A B 3 3: = -    7

 ,A B^ h    
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, , ,BA 2 2 3 4 4 31 21 2= = -  :     

:
,cos A

A
AB

B
B
:
:

=^ h  , ,Am B0 180º º# #^ h

 
A A B B

x x y y+

x y x y
B A BA : :

=
+ +

2 2 2 2

 
( ) ( )2 2 3 4 4 3

2 4 2 3 4 3
2 2 2 2

=
+ - +

- +

^ ^

^ ^

h h

h h

 ( )( )4 8
8 24

32
16

2
1

=
- +

= =

 ,B cosm A 2
1

60º1` ==
-^ ah k

, , ,A B 36 3 11 2 1 2= = -  :      8

B(x, y)

y

A(-a, 0) C(a, 0) x

 

:       ABC     
x y a2 2 2
+ =  

, CBA B       a

        . CBA B:   b

:
a  ,x x y yBA A B A B1 2= - -

 , 0 ,y ya x a x1 2 1 2= - - - = - - -

 ,C x x y yB C B C B1 2= - -

 , 0 ,y ya x a x1 2 1 2= - - = - -

b  C y ya x a xBA B: = - - - + - -^ ^ ^ ^h h h h

 a ax ax x y2 2 2
= - + - + +

 x y a2 2 2
= + -

 x y a2 2 2
a + =   

 x y a 02 2 2
` =+ -

 CBA B 0: =   
 CBA B` =

90∫       
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.(B
1
 B

2
 = 7.32 m :  ) .      10 m

α 2
0

m

B
1

B
2

L

A
    

           .   
.    

 :

LB 20 10 5001
2 2 2
= + =^ h    

. mLB 22 361 .  

.LB 20 10 7 32 7002 2
2
2

-= + +^ ^h h  

. mLB 26 462 .  

  -   :

 LB LB L B L BA A A A1 2 1 2: := + +^ ^h h

 LA O AB AB2
1 2:= + +^ h

 LA AB AB2
1 2#= +^ h

 .400 10 17 32#= +

 .573 2=

  -   :

 cosLB LB LB LB1 2 1 2: : := ^ h

 . . . cos573 2 22 36 26 46 :#= ^ h

 . .
.

.cos 22 36 26 46
573 2 0 9688`
#

= =

 14 21º. l

14 21º l      

 

A B

M
E

CD F

 BC   E CD   F ABCD  

M  BF  DE  

m DMF^ h%  
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  ( ) 
  

 
 

 
 

  
 

.     
(x, y)       M(x, y)      OM    

,M x x y yB AB A- -^ h      OM    AB    
.            

.           
a = c b = d     ,a b  , ,c d   

A Bk=   k 0!          A , B  
AB k AC=   k 0!           A, B, C   

:   
.    ABCD  ,A A A A AB C D B BC C+ = + =  

,A A A A0 0+ - = + =^ h  A A AB C B C B C+ + = + + = + +^ ^h h  A AB B+ = +  
.   k ,A yxA A=  , ,B yxB B=  

, y yA B x xB BA A+ = + +  ,k A kx kyA B=  
x xA B=  ,y yBA =     A B=  

x y x y 0A B A B: :- =       A , B  
,cosA A AB B B x y yxB BA A: := = +^ h  

x yA 2 2= +  x yA
2 2 2= +   ,A x y^ h  

,cos A
A

A
B

B

B

:

:
=^ h  

AB y yx xB BA A
2 2

= - + -^ ^h h   , , ,A x y B yxA B BA^ ^h h   
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( )  

Discrete Algebra (Statistics)

  :  
 .                  :   1
.                      

                     :  2
.             

.    -    :  3

:    4

    a

    b

       c

     d

     e

             .           f

           .         .    
.     

.        .              
      

    .          .         :  5
.              .     

 
       

6-16-26-36-46-56-6

196



      
      
    .    
 ´ ª      

    ´ ª   
     .´   ª
     ´ ª
   .    
´ ª     

      (  1601)
.    ´  ª 

        
       

  ´ ª  ´  ª
 .´  ª  ´  ª

  

 (   )   
•  .  
•  .(  -  -  )   
•  .(  - )   
•  .   - 
•  .         

  
•  .    
•  .     
•  .         
•  .    
•  .      
•  .        
•    -   -  )     

.(

 
   -   -  -  -   -  
   -   -   -   -   -
  -   -  -   -   -

.   -   - 
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Statistical Population and Sampling

6-1

 
•  .  
•  .    
•  .
•  .  
•  .
•  .  

:  
•  Statistic  
•     

Statistical Population  
•  Variable  
•   

Comprehensive Inventory 
•  Sampling   
•  Variable  
•   

Qualitative Data  
•   

Quantitative Data  

 

 .              
.      

.          1

              2

         3

Statistical Science   
              
            

.    

:    

.   1

.(  )   2

.    3

.     4

Statistic Population   
        ( )    

.        

 )    (   )        
           .(   

.  

.   (    )         

.         a

.     b
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:

 :          a

.   :  

 :   

:      b

.   :  

.  :   

.   (    )          1

.        a  

.       b  

Variable  
           .       (  )  
      :     :     :       

.           ...   

Ways to Collect Data    
.              

:              

Comprehensive Inventory    - 1
.         .          

         .(           : )
 )            .      
     : )             (  

.(    

.              

.       a

.             b
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:

               a

.        

              b

.

:    2

.          a  

.           b  

Sampling   - 2
 .                 

Types of Data   
:       :     

 

 
  -  

  -  

 
    -   

  -  -  

:      

.          a

.              b

.         c

.      d
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:

.   a

.   b

.   c

.   d

:        3

.      a  

(...     )  b  

.       c  

.          d  

Ways To Collect Data    
               

:
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•  .   
•  .   
•  .   

:  
•  Sample  
•    

Random Sample  
•     

Simple Random Sample 
•     

 Stratified Random
Sample

•     
 Systematic Random
Sample

•    
Sampling Fraction  

:
    
    
     

.

Samples

6-2

  

.  250  150  100     
       25     1

.    

 .      10        2
.            

Random Sample   
               
       .      

:        .  

Simple Random Sample     - 1
        n     
         m ( )    
              

.   
      :        

.(IRT, SPSS, Microsoft Excel)      

 

.80  1    80     

        7      
.         

:
              80    

.28 , 53 , 31 , 96 , 37 , 86 , 41 :      
:           86 , 96   

28 , 53 , 31 , 37 , 41
.02 , 35 :           

28 , 53 , 31 , 37 , 41 , 02 , 35 :       
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          7   .90  1    90     
.                .  

:

 90 =    

                  
.   90    

59 , 61 , 3 , 24 , 77 , 70 , 10    :      

                  (1)   1
    

Stratified Random Sample     - 2
                   

.          

:   m � n   n     m     

m

n
 = 

 

  
 =  

   ◊   =     

    80                
:       1 600

  

100 300 1 200 1 600
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:
   
   
    

.    

:

0.05 = 
80

1 600
 = 

 
  

 =  

:      

.    ◊   =   

:        

100 ◊ 0.05 = 5  :   

300 ◊ 0.05 = 15  :    

1 200 ◊ 0.05 = 60  :    
 (  ) 15 ( ) 5 :       

.(  ) 60

              2
:       35   7  

  

10 20 5 35  
         

    200 199  100    100    
    .999  400     600 399  200 
           18    

.       

:

 0.02 = 
18

900
  = 

 

  
 =    :

.      :

100 ◊ 0.02 = 2  :   

200 ◊ 0.02 = 4  :    

600 ◊ 0.02 = 12  :    
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:           

.(  ) 12 (  ) 4 ( ) 2

:       :

199  100     2

399  200      4

999  400      12

.              :

159 , 103  :   

.              :   

246 , 383 , 349 , 341   :   

.              :  

780 , 595 , 617 , 770 , 926 , 709 , 447 , 690 , 652 , 803 , 465 , 531   :   

:            

159 , 103   :

246 , 383 , 349 , 341   :  

780 , 595 , 617 , 770 , 926 , 709 , 447 , 690 , 652 , 803 , 465 , 531   :  

   240    220  81    140    80  1    80     3
.500  461    40 460  221 

           25         
.   

Systematic Random Sample     - 3
  .                 
.                  

                
:  

  

 
 =  

205



                  
                  

...            

        900  1   900      

 .          

     15     

.     

:

60 = 900
15

 = 
  

 
 =   :

60                  

.        31  

   31
   31 + 60 = 91
   91 + 60 = 151
151 + 60 = 211
211 + 60 = 271
271 + 60 = 331
331 + 60 = 391
391 + 60 = 451
451 + 60 = 511
511 + 60 = 571
571 + 60 = 631
631 + 60 = 691
691 + 60 = 751
751 + 60 = 811
811 + 60 = 871

 :    

:          

31 , 91 , 151 , 211 , 271 , 331 , 391 , 451 , 511 , 571 , 631 , 691 , 751 , 811 , 871

    10              (4)   4
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     10     .700  1    700      
      10       .´    ª

.      

:

70 10
700

= =  
  

 
 =   

  (70)                   
.38        

38

38 + 70 = 108

108 + 70 = 178

178 + 70 = 248

248 + 70 = 318

318 + 70 = 388

338 + 70 = 458

458 + 70 = 528

528 + 70 = 598

598 + 70 = 668

 :         

.38 , 108 , 178 , 248 , 318 , 388 , 458 , 528 , 598 , 668

     .140  1    140           5
                7  

.       
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Ways to Display Data

 
•       

.  
•  .     
•        

.    

:  
•  Frequency  
•    

Rational Frequency  
•     

Percent Frequency  
•      

Pie Chart  
•    

 Histogram  
•    

Frequency Curve  
•    

Center of Interval  

 

     50       
(cm) 

150- 155- 160- 165- 170- 175- 180-

2 8 6 8 13 7 6

170 cm           1

 170 cm         2

 :               
.  

           
...    

Pie Chart   
.       

           
         .      
              

:       

360∞ ◊   =    

 (  )  
 

  =   

.           

:                

 
4 4 6 4 5 2 25

6-3
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.        a

.        b

(100% ◊   = (  )    : )  

:
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25254644
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25
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2

25
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25
4

25
6

25
4

25
4 

100%%25
2 100#

= 8%

%25
5 100#

= 20%

%25
4 100#

= 16%

%25
6 100#

= 24%

%
25
4

100#

= 16%

%
25
4

100#

= 16%

  

(  )

       :         b

:(   ) 

  
57.6∫

72∫ 

28.8∫
86.4∫ 

 
57.6∫

57.6∫

 .25
4

360 57 6# =c c  

:(    )  

.25
4
360 57 6# =
% %  

:(   )  

.25
6
360 86 4# =
% %  

:(   )  

.25
4
360 57 6# =
% %  

:(   )  

25
5
360 72# =
% %  

:(   )  

.25
2
360 28 8# =
% %  

:   40         1

13 4 13 6 4 40
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.      b  
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:
    
    

:  
     - 1
     
    
 -  70  
   .  130
    

.  
     - 2
   
  

:
       (a)
    
   

.4%  
       (b)
   
   

.
      (c)

.   

    
Frequency Curve and Histogram

            
.       

.              

     40          
.(mg/L)     (   )   

15- 20- 25- 30- 35- 40- 45- 50-

3 4 8 9 7 4 3 2 40

.      a

.    b

.       c

:

:    a

.2
15 20

17 5
+

=  :  15-   

.2
20 25

22 5
+

=  :  20-   

.2
25 30

27 5
+

=  :  25-   

.2
30 35

32 5
+

=  :  30-   

.2
35 40

37 5
+

=  :  35-   

.2
40 45

42 5
+

=  :  40-   

.2
45 50

47 5
+

=  :  45-   

.2
50 55

52 5
+

=  :  50-   
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:

15- 20- 25- 30- 35- 40- 45- 50-

3 4 8 9 7 4 3 2 40

 17.5 22.5 27.5 32.5 37.5 42.5 47.5 52.5  
                  b

:             

(12.5, 0), (17.5, 3), (22.5, 4), (27.5, 8), (32.5, 9), (37.5, 7), (42.5, 4), (47.5, 3), (52.5, 2) , (57.5, 0).

12.5

10

9

8

7

6

5

4

3

2

1

0
17.5 22.5 27.5 32.5 37.5 42.5 47.5 52.5 57.5  
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.   

.     c
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9

8

7
6

5
4

3
2

15 20 25 30 35 40 45 50 55

1
0

             
.                 

(cm)   30       2

155- 160- 165- 170- 175- 180-

4 6 11 5 3 1 30  
.    a  

.    b  

.       c  
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•  .    

:  
•   

Mean  
•    

 Dispersion Measures  
•    

 Standard Deviation  
•  Variance  

 

Standard Deviation
6-4

 
             

:    20

 

11 12 11 10 9
16 8 10 7 13
15 15 15 5 5
11 12 11 10 11

             a
         

.          b

           c
.    

  :   

             d
.  

:       
{5 4 4 3 3 3 2 2 1} :    x  .     

 {xn; freqn}      FREQ  
.      {5;1 4;2 3;3 2;2 1;1} 

 SHIFT   MODE   (SETUP)  4   (STAT) 1  (ON)
 MODE  3  (STAT)  1  (1 - VAR)

 1 =  2 =  3 =  4 =  5 =   
 1 =  2 =  3 =  2 =  1 =

STAT
X

FREQ

3 3 3
4 4 2
5 5 1 1

3
1.154700538

       AC  SHIFT  1  (STAT) 4  (VAR) 2  x^ h =

 AC  SHIFT  1  (STAT) 4  (VAR) 3  x^ h =

1.154700538 :   3 :   :
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:          

.         a

.         b

  x n
n x
/
/

=
i

i i   :   x    
.      xi  :  

.     ni  

  v n
n x x 2

/
/

=
-

i

i i^ h   :   v  

  v=   :      

n
n x x 2

/
/

=
-

i

i i^ h  

.        xi        :  

:      120           

(min)   10- 15- 20- 25- 30- 35- 40- 45- 50-

 11 21 23 14 16 18 12 3 2 120

.    .       a

.     b

.   c

:

 a

  
(min) 

10- 15- 20- 25- 30- 35- 40- 45- 50-

(ni)  11 21 23 14 16 18 12 3 2 120

(xi)  12.5 17.5 22.5 27.5 32.5 37.5 42.5 47.5 52.5  
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x n
n x
i/

/
=

i i   :  

x . . . . . ....

120
11 12 5 21 17 5 23 22 5 14 27 5 3 47 5 2 52 5# # # # # #

=
+ + + + + +^ ^ ^ ^ ^ ^h h h h h h

x 120
3360

28= =

:        b

n x xi i
2

-^ hx xi
2

-^ hx xi -^ hni  xi   
2642.75240.2512.5 - 281112.5
2315.25110.2517.5 - 282117.5
695.7530.2522.5 - 282322.5

3.50.2527.5 - 281427.5
32420.2532.5 - 281632.5

1624.590.2537.5 - 281837.5
2523210.2542.5 - 281242.5

1140.75380.2547.5 - 28347.5
1200.5600.2552.5 - 28252.5

12 470 = 

v n
n x x 2

/
/

=
-

i

i i^ h  :  

v 120
12 4 10 . 670 3 91.=  

v=  :   

10.2.  

    10.2.    28minx =      c

.      

:             1

( ) 0- 5- 10- 15- 20- 25-

19 30 47 28 26 10 160  

.    .       a  

.       b  
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•  .   

:  
•    

Empirical Rule  
•    

Normal Distribution  

6-5 

Empirical Rule

  

              
                
     .          
             
              
.            

4 =    18 17 16 15 14 :   

16x =  :  

.1 4141 .   

25 =    28 23 17 9 3 :  

.9 0772 .  :   16y =  :  

 .1 4141 .     16x =         
.         

  .9 0772 .    16y =      
.       

             
.             

Normal Distribution   
.              

           
:            

x

 :     

    ( )     
.   

        
.  

         
.       
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Empirical Rule   
                 

.     

        x           
:                 

  . ,x x- +6 @        68% 

x- x+x
68%

16%
16%

,x x- +6 @      68%

  ,x x2 2- +6 @        95% 

x 2- x 2+x

95%

2.5%2.5%

,x x2 2- +6 @      95%

  ,x x3 3- +6 @        99.7% 

x 3- x 3+
x

99.7%

0.15%0.15%

,x x3 3- +6 @      99.7%
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.        

99.7%
95%
68%

34% 34%

13.5%13.5%
2.5%2.5%

x 3- x 3+x 2- x+ x 2+x - x

     110    350        
.(  )     

.    a

.    690      b

:
a  x 350=  110=

:        
,x x- +6 @  :      68%   (1)  

, ,350 110 350 110 240 460= - + =6 6@ @

,x x2 2- +6 @  :      95%   (2)  
, ,350 220 350 220 130 570= - + =6 6@ @

,x x3 3- +6 @  :      99.7%   (3)  
, ,350 330 350 330 20 680= - + =6 6@ @

        99.7%   ,20 6806 @      690    b
.  690        

.  115    475        1

.    a  

.    750       b  
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.  10    60  (A)             

.             

.    a

.        50     (A)       b

.        40     (A)       c

:

34% 13.5%13.5%

40 50 60 70 80
2.5%2.5%

34%

 :        68%  (1) a

, , ,x x 60 10 60 10 50 70- + = - + =6 6 6@ @ @  

:        95%  (2)  

, , ,x x2 2 60 20 60 20 40 80- + = - + =6 6 6@ @ @  

    99.7%  (3)  

:     

, , ,x x3 3 60 30 60 30 30 90- + = - + =6 6 6@ @ @  

:                  b

34% + 34% + 13.5% + 2.5% = 84%

.         50       84%   

        40       2.5%       c

.

 100h   700h  (A)               2
.              

.    a  

500h     (A)        b  

400h     (A)        c  
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•  .   

:  
•   

Standardized Value  

 

Standardized Value
 6-6

  

               
    :  .          

       

.       

Standardized Value   
              
        .     
               
             
              .

:        

z x x
=
-  

  -  

 
 =  

       20  16       
 14       20  16   5   13

.4  

      16    

:

.z x x
5

16 13
0 6=

-
=

-
=1  :    16   

.z x x
4

16 14
0 5=

-
=

-
=2  :    16   

 . .0 5 0 6 a1

   16         16     
.

.    16       16  
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 15    3.8   14    15        1
7.8   13   

       15     

  69         64         
10   56        48   .8 

     

:

:              

.z x x
8

64 69
0 6251 =

-
=

-
= -  :     64   

.z x x
10

48 56
0 82 =

-
=

-
= -  :    48   

. .0 625 0 8 a2- -

.                

.               

 174cm         180cm     A     2
     172cm     B      .12cm   

15    165cm    
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          .         
:  

(a)   600 700 1 200 1 750 2 250

13 4 1 1 1  

(b)   700 800 1 100 1 300 1 500

13 4 1 1 1  
          1

.     y  x    a  2

.  1          b  

           c  

  .      
1
 , 

2
    3

:

(a)       (b)     13 , 4       1
(b)       (a)     1 , 1 , 1     

.  (a)       (b)     

:(a)       a  2

x = 790 KD  

:(b)       

y = 810 KD  

     (b)             b  

.(a)   

.               c  
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:(a)      3

 
1
  431.45  

:(b)      

2
  218.86  

          (b)       

1
  2

2
    .(a)  

 

.  10              

:     

(a) 8 3 7 3 5 7 9 6 8 3 3 8 6 9

(b) 6 7 3 5 6 6 8 4 7 9 6 7 5 6  

.      1

  
2
 (a)     

1
 :        2

.    .(b) 
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•  :      
m

n
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   ◊   =      b  
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•  .            
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•  .            
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/
/

=
i
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i
    v
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n

n

i

i

n

i

i

n

i

1

1

2

=

-

=
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/
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.      
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  1 2 3 4 5 6 7 8 9 10 11 12 13 14 

1 28138 28596 04819 50138 12598 96878 55684 01488 58963 25896 36987 47856 20150 18965 

2 01055 53625 47739 51063 08445 33254 22542 50954 73949 11945 29947 86107 35420 77076 

3 79603 31075 71532 38497 08236 78411 18237 48743 81472 31761 49582 70411 64708 59416 

4 79261 96010 82558 15977 15827 55768 29668 73188 65198 24483 16219 63827 05092 47495 

5 00005 37153 07206 78041 09457 97003 49739 75180 74018 90951 96161 31749 23314 55471 

6 59282 86004 13259 59537 75702 66287 77941 27095 46176 67215 93007 84125 89302 92843 

7 20119 41234 01600 61772 57765 43965 60952 86606 47653 71502 85121 56804 03494 98302 

8 67205 41113 34514 03273 95516 68365 79855 50202 66262 31348 37260 56557 15116 38645 

9 06244 02595 08941 24615 92256 43007 05022 48195 91554 42525 30499 92203 70717 92685 

10 46210 35683 67486 77091 58196 08010 54826 97006 76740 76343 93982 66126 91164 53560 

11 80851 80252 02993 92649 12421 00480 53258 45140 57226 10428 36478 24600 01401 29179 

12 74684 98726 87312 70956 49731 45504 70689 57849 77383 53581 05100 07629 04450 54826 

13 82136 32120 31733 10371 01132 25110 67123 59517 89996 58905 75260 21509 87839 68376 

14 73419 88893 89748 44745 46390 54781 31307 62656 69777 24494 91659 29133 46122 75769 

15 66082 76594 77480 38397 64521 18712 50625 39027 39168 07835 13446 17758 19166 86050 

16 72300 93912 87548 69024 17509 52647 64335 84663 79524 34618 72718 51651 10486 81509 

17 46805 82648 27550 65291 27181 92637 13539 87601 15442 70131 62278 99491 41647 11029 

18 59068 93270 15829 34926 46252 90487 92734 04850 90175 84906 46435 91518 86972 25705 

19 63089 93954 30250 80347 81506 53768 75611 62054 89867 16083 45585 39555 96236 37875 

20 54384 64888 28929 46575 08301 86288 52656 19225 65019 74795 25915 71637 49063 17695 

21 41219 63211 39429 15290 78067 66741 08485 64653 87698 04983 47255 72768 90770 82930 

22 20939 02271 71831 53134 73002 86087 98213 24484 08574 34915 03881 26259 83583 55337 

23 66587 02998 73357 00128 97188 71660 47602 52022 28157 21602 30212 53762 94149 66526 

24 71255 04641 38419 79552 62599 76281 10226 60287 16627 85028 41218 20667 63917 49254 

25 08584 91510 57892 75011 49221 69960 90413 62400 23239 76854 66983 15964 70808 41341 

26 31552 70340 48274 81006 74831 19177 49160 50762 89666 93535 12381 29770 33895 90381 

27 02779 92197 83606 60964 65448 64964 19444 31357 16774 68021 46076 43831 09372 71527 

28 22739 38348 29275 50087 91312 68984 37018 03447 05352 00798 61243 86397 98949 07622 

29 21255 64526 97920 04791 77315 49905 74232 67222 89562 14683 81533 60057 31164 21824 

30 95796 88317 77167 07879 03499 00804 27377 18693 75652 32509 38279 28588 16753 86119 

31 75902 33821 35579 75020 78575 43912 99570 79216 04682 53316 95976 11938 56490 43868 

32 36028 73731 05339 82203 22856 72459 00237 17627 50326 98629 71967 48402 61549 83717 

33 06836 03795 80497 34107 29215 17117 69538 63274 96690 78884 38149 84592 67096 84551 

34 35984 71052 01657 19690 99783 13513 37517 96508 49098 86592 10874 18125 00876 14549 

35 87635 49443 55077 18157 20552 27316 12591 68157 34316 20447 53989 40096 69123 74210 

36 41484 58832 43633 92072 54522 60783 05639 78371 20340 90174 90549 60250 80858 97632 

37 65736 34031 37846 47294 50168 96397 50329 17390 04554 96190 02594 44229 24198 03064 

38 16118 88260 28975 20036 77353 96179 08143 29222 57871 01292 52420 07130 11896 94088 

39 62064 36947 31193 72328 10262 75428 50450 31620 17855 27018 75910 60965 39988 73389 

40 23472 61332 48829 99113 90538 74066 38628 09270 72856 71411 78860 50745 42966 27424 

41 05654 41781 99888 60787 56313 83221 82631 91989 32577 68175 24897 23456 16419 41727 

42 83428 17512 78322 01942 42061 60659 32746 95367 20551 99885 79334 03732 97058 80356 

43 65126 87369 56266 48697 33094 07522 92724 05676 91022 64262 24239 60242 01049 42945 

44 28042 84729 34846 05880 34188 27048 30623 23204 05034 93136 19192 91674 47022 48523 

45 53148 70847 48117 16103 83773 13224 76143 39148 06742 08298 52014 61711 79466 78334 

  



   
  1 2 3 4 5 6 7 8 9 10 11 12 13 14 

46 13560 38973 76536 54464 57626 10247 67051 83850 93002 30930 83842 09990 39203 85693 

47 74560 04842 75720 98173 35124 18019 70681 73624 86300 76894 55504 20022 27144 03239 

48 27449 10887 55047 76702 62587 20131 63452 96127 15802 65271 74663 37237 95812 19427 

49 44413 47571 63342 67062 19900 42511 71024 44364 02775 41081 33177 09580 71047 33820 

50 64512 50481 41107 21553 86471 16380 45959 16065 75195 31120 33822 43200 82566 43078 

51 00095 29635 33618 55201 12075 97285 80296 92250 92579 69296 68423 91353 35553 77036 

52 09638 68500 84152 55279 29481 48723 87785 06304 53198 79425 41344 87395 54720 72911 

53 08589 28972 20500 26761 61852 87387 17967 50345 20479 37841 16337 88163 38585 02798 

54 54883 36854 75468 31821 08464 13393 24322 56872 39507 16845 92039 13209 47035 57686 

55 15444 18858 69256 81949 85766 20284 15914 76382 25665 84484 36409 87271 14949 12069 

56 71565 25235 48604 04697 60513 89675 34337 06619 67509 03365 67431 43725 60359 33823 

57 92871 06972 97272 98081 58945 98039 47815 55173 93203 03385 58309 47970 27985 73782 

58 68849 33525 22034 44200 90628 39212 75363 00247 96303 51838 99956 34321 85809 87275 

59 98827 81751 86350 27162 56861 00566 32360 52560 05152 97370 29229 98503 44100 59854 

60 66803 20412 23097 36884 14158 51578 82839 04323 01877 91180 22403 31175 67942 14508 

61 41516 62122 37492 78385 08100 01107 49028 80607 92813 75169 25796 12643 75026 04170 

62 12162 72695 70213 28844 94220 04677 63128 96254 60006 42148 63974 24739 46064 93416 

63 13274 51517 40925 25926 47062 06867 80018 43394 68316 19197 74832 95805 26126 29623 

64 52918 26336 17452 70092 22425 68294 14624 12683 60030 18091 76824 45533 29768 59678 

65 30361 58894 77995 22650 20266 21791 25773 37748 38058 73835 57440 33610 24749 56691 

66 46377 07121 20251 41301 07635 66029 80470 25523 16429 40640 40041 79302 98712 95368 

67 27423 28968 39623 90457 26780 14540 15082 90327 56459 77107 60727 26328 59556 93557 

68 73886 44934 65197 86001 51613 92940 24998 35378 35732 05469 05791 07309 23107 37543 

69 70336 30279 09961 58625 11044 73699 32481 85490 58333 12277 98355 86413 87883 23945 

70 97903 34498 31282 11249 13179 41489 87962 89071 61922 02704 83626 67269 26568 09110 

71 86205 97851 61543 40666 78098 05621 86072 21202 84985 65253 09306 56791 86227 73343 

72 70718 31353 96295 21718 03495 83149 48733 21496 68430 91459 18409 86552 53261 30280 

73 79073 05288 57087 27201 29661 08888 42984 96272 93656 50805 32057 36231 03532 64408 

74 37479 85240 68508 36333 90080 46063 78129 96854 65844 71369 15432 66145 29223 87139 

75 56009 81470 06181 98341 92406 61704 57770 28984 92858 88178 80042 83674 23736 64497 

76 97012 75201 16764 31720 59414 81005 63959 15445 12347 71939 23651 29846 20962 77463 

77 89839 94534 78223 94989 54376 61163 21914 19430 86856 38116 83201 10117 77879 04504 

78 81048 37891 24924 18757 54550 54788 72430 24611 18643 55647 11806 78567 76679 58222 

79 96743 96838 50696 57648 15325 72557 77193 50894 33206 44420 37986 84257 02031 65384 

80 87649 00751 47483 48564 13103 20941 49793 68972 27994 75845 84616 37040 97110 95953 

81 18173 87553 45854 18750 16506 57202 60428 61710 35887 19879 49893 04512 62556 63742 

82 27613 72032 94334 38239 00395 05486 96365 01758 99314 41866 25760 74573 72169 25744 

83 67517 04195 89100 21434 52923 90818 09206 19493 00233 62413 39127 76457 39419 35023 

84 23574 88907 08133 85126 84643 94128 89259 18791 71035 84179 82500 92193 31383 34150 

85 98721 90145 05695 14882 11827 56881 14143 68069 88481 08328 58607 81737 11660 96892 

86 85556 83652 92934 55451 94792 45056 50732 83305 46303 37510 15539 52534 47250 75231 

87 63282 48334 46961 05993 16605 63422 23375 44298 16226 10617 96722 42776 53376 94366 

88 34033 36344 41107 77495 73985 79352 14844 44334 30781 16339 38031 28104 60054 05725 

89 75567 31423 72507 48162 30150 44912 76250 12017 12136 47687 90279 67127 83889 87957 

90 45101 69475 96924 76548 57756 14741 26052 42807 52824 61981 87866 35512 23771 43130 




